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Editorial Note regarding Semiconductors 

X of the papers that comprise this monograph discuss practical aplica- 



tions of semiconductors and touch upon their properties as employed* 
in rectifying devices, detectors, and in a new amplifying unit — the so-called 
transistor. These semiconductor papers all relate to one another and pre- 
sent, as a whole, a current but well developed account of the behavior 
and uses of these very promising additions to today’s vast array of electri- 
cal applicances. 

Because semiconductors are relative newcomers, few engineers have as yet 
had occasion to become familiar with their characteristics and the reasons 
for their somewhat unexpected performance. Accordingly, it seems appro- 
priate to preface the present group of papers with a brief introductory note 
devoted to the nature of the physical phenomena encountered. 

The semiconductors of interest in the communications art are electronic 
rather than ionic conductors, and include copper oxide, various other oxides, 
selenium, germanium and silicon. Being electronic conductors, the constitu- 
ent atoms remain in fixed positions. They may lose or gain electrons during 
the conduction process but the structure of the conductor as a whole and its 
chemical composition are not affected. 

Basic to the theory of these semiconductors is the idea that electrons can 
carry current in two distinguishable and distinctly different ways: one being 
called “excess conduction,” “conduction by excess electrons,” or simply 
“conduction by electrons;” and the other being called “deficit conduction” 
or “conduction by holes.” The possibility that these two processes may be 
simultaneously and separably active in a semiconductor affords a basis for 
explaining transistor action. 

We shall confine our attention to the behavior of electrons within the sili- 
con and germanium type of crystal lattice, and especially as it is modified 
by minute amounts of suitably chosen impurities . 1 

1 There has been very marked development in the understanding of semiconductors 
since 1940. This understanding is an outgrowth of the research and development program 
on crystal rectifiers undertaken in connection with the radar program during the war and 
continued in several laboratories thereafter. Some of the wartime work was carried out in 
the Radiation Laboratory of M.I.T., which operated under the supervision of the National 
Defense Research Committee. The Radiation Laboratories Series volume “Crystal Recti- 
fiers” by H. C. Torrey and C. A. Whitmcr reports this program and mentions in particular 
as chief contributors to crystal research and development in England : the General Electric 
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Silicon and germanium form what are called “covalent crystals,” the 
atoms being held together by “electron-pair bonds” formed by the valence 
electrons. The covalent bond in the hydrogen molecule is the simplest elec- 
tron-pair bond. Figure 1 represents two hydrogen atoms and a hydrogen 
molecule. * 2 Each atom consists of a proton and one electron. The proton 
weighs approximately 2,000 times as much as the electron and is a relatively 
immobile particle about which the electron moves in its orbit or quantum 
mechanical wave function. In ah isolated atom, this wave function has 
spherical symmetry and the electronic charge is distributed on the average 
as a diffuse sphere centered about the proton. When the two atoms are 
brought close together, interaction between the wave functions of the two 
electrons takes place and the electronic cloud of each becomes modified, as 
suggested in the figure. The result is to produce an extra accumulation of 
charge between the two protons which acts to bind them together. Accord- 
ing to quantum mechanical laws associated with the “Pauli exclusion prin- 
ciple,” the bond is especially stable when it contains precisely two electrons. 
It is weakened considerably by removal of one electron and is not greatly 
strengthened by the addition of a third electron. This special stability of the 
electron-pair bond or covalent bond is a fundamental fact of chemistry which 
is now quite well understood on the basis of wave mechanics. 

The elements carbon, silicon and germanium have the common feature of 
being tetravalent. Although they possess respectively 6, 14 and 32 electrons 
all together, in each case only four of these are able to enter into chemical 
reactions. The remaining electrons are closely bound to the nucleus produc- 
ing a stable “ionic core” having a net charge of +4 units. This core can be 
regarded as completely inactive so far as electronic processes in chem’cal 
reactions and in semiconductors are concerned. 

Each of these atoms tends to form covalent or electron-pair bonds with 
four other atoms. This tendency is completely satisfied in the diamond lat- 
tice which is the crystalline form of all three elements. The lattice, shown in 
Fig. 2, is a cubic arrangement and may be regarded as made up of four in- 
terpenetrating simple cubic lattices like the one formed by the atoms on the 
four corners of the cube shown. In this structure each typical atom is sur- 
rounded by four neighbors regularly placed about it, with which it forms four 

Company, British Thompson-Houston Ltd., Telecommunications Research Establishment 
and Oxford University; and in the United States: the Bell Telephone Laboratories, West- 
inghouse Research Laboratory, General Electric Company, Sylvania Electric Products, 
Inc., and the E.I. duPont deNemours and Company. It is also pointed out that the crystal 
groups at the University of Pennsylvania and Purdue University, who operated under 
N.D.R.C. contracts, were responsible for much fundamental work. 

2 The figures in this introduction and the text associated with them, like the following 
paper on “Hole Injection in Germanium”, follow closely the presentation in a book en- 
titled “Holes and Electrons, an Introduction to the Physics of Transistors” now under 
preparation by W. Shockley. 
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covalent bonds. These neighbors are arranged on the corners of a regular 
tetrahedron in conformity with the known chemical behavior of the tetra- 
hedral carbon atom. 3 For purposes of discussion of conductivity in these 
crystals, we shall represent the three-dimensional array in two dimensions 
as is shown in Fig. 3, indicating that each carbon atom forms an electron- 
pair bond with four neighbors. 

On the basis of this valence bond structure we can intuitively see why 
diamond should be an insulator. Although it contains a large number of 



I A = 

I ANGSTROM 
= 10“® CM 


Fig. 1. 



electrons, as does a metal, the covalent bond is a quite different structure 
from the metallic bond. In an ideally perfect diamond crystal, each valence 
bond would contain its two electrons; therefore, every electron would be 
tightly bound and thus unable to enter into the conduction process. 

Conductivity can be produced in diamond, however, in a number of ways, 
all of which involve destroying the perfection of the valence bond structure. 

3 Long before the arrangement of atoms in the diamond crystal was established by 
X-rays, the organic chemists had concluded that carbon formed four bonds at the tetra- 
hedral angles — a truly remarkable result of inductive reasoning based on observations of 
the optical properties of solutions of organic compounds. 
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Thus, if high-energy particles or quanta of radiation fall upon the crystal, 
they can break the bonds. Conductivity in diamond induced by bombard- 
ment in this way has recently received considerable prominence in connec- 
tion with Crystal counters” which have been used to detect nuclear parti- 
cles and in experiments on conductivity induced by electron bombardment. 
An electron ejected from a bond constitutes a localized negative charge in 
the crystal and, since initially the bond structure was electrically neutral, 
the electron as it departs from its point of liberation leaves behind an equal, 
localized positive charge. Such a migratory electron, because it represents 



an excess over and above that required to complete the bond structure in 
its neighborhood, is called an “excess electron.” Since it cannot enter any 
of the completed bonds in the lattice, it moves about in the crystal in a ran- 
dom manner under the influence of thermal agitation. If an electric field is 
applied, it tends to drift in the direction of the applied force and to carry a 
current. This illustrates conduction by excess electrons (referred to simply 
as conduction by electrons) and, as we shall see, is to be distinguished from 
the other process whereby an electron deficit enables conduction to be ef- 
fected by “holes.” 

Such a hole, constituting a net, localized, positive charge in the crystal, 
moves from place to place by a reciprocal motion of electrons in the valence 
bonds; and, under the influence of an electric field, its random motion ac- 
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quires a systematic drift. Therefore it also can contribute to the current; 
in other words, current can flow as well by virtue of a deficit of electrons as 
by an excess of them. 

In an illuminated and bombarded diamond crystal the electrons and holes, 
produced in pairs by the excitation, will of course drift in opposite directions 
under the influence of a field; the electron, being negative, drifts in the op- 
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posite direction from the applied field, but its current is in the direction of 
the field. In the case of the hole, the reciprocal electron motions are once more 
opposite to the direction of the field (on the average). As a consequence, the 
net result is that the hole drifts in a direction to increase the current repre- 
sented by the electrons. If the source of bombardment or illumination is 
removed, the conductivity dies away and the crystal will return to its nor- 
mal state. This can occur by the recombination of holes and electrons. 
Whenever an electron drops into a hole, both the hole and the electron dis- 
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appear and the bond structure becomes complete, the excess energy being 
given up to the atoms in the form of thermal vibrations . 4 

If the temperature is sufficiently elevated, spontaneous breaking of some 
fraction of the covalent bonds by agitation will occur producing electrons 
and holes in equal numbers. In a diamond this effect would occur at such 
high temperatures that it would not be observed. However, it plays a major 
role in silicon and germanium at temperatures well within the range of in- 
vestigation in the laboratory. 

On the basis of quantum mechanical theory, it is found that a very high 
degree of symmetry exists between the behavior of electrons and the behavior 



ARSENIC ATOM 
IN SILICON CRYSTAL 

Fig. 4. 


ARSENIC ATOM 


+ 4 - 4-0 



NEUTRAL 
SILICON ATOM 
IN CRYSTAL 


of holes. One may think of the hole as moving through the crystal as a posi- 
tively charged particle with much the same attributes as a free electron ex- 
cept for the sign of its charge. 

Impurity Semiconductors: Donors and Acceptors 

If the only cases of conductivity open to investigation were like those dis- 
cussed above, for which electrons and holes are present in equal numb rs, 
the problem of interpreting the data would be very difficult. Fortunately, 
in the semiconductors silicon and germanium, there are cases in which con- 
ductivity is due to excess electrons only or to holes only . 6 

4 The process of recombination may actually be much more complicated and may 
involve intermediate stages in which the hole or the electron is trapped. 

6 The behavior of silicon with impurities of the sorts discussed here was investigated 
by Scaff, Theurer, and Schumacher. Their work was stimulated by the development of 
silicon detectors for microwave use by R. S. Ohl, also of Bell Telephone Laboratories, 
in the prewar years. 
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If the conductivity of the sample is due to excess electrons it is called 
ii4ype , since the current carriers act like negative charges; if due to holes, 
it is called p-type, since the carriers act like positive charges. 

Either type of conduction can be produced at will by admixture of a suit- 
able “impurity,” a donor such as arsenic yielding an excess of free electrons, 
while an acceptor like boron causes an electron deficit or a surplus of positive 
holes. The reason why arsenic and boron serve in these opposite capacities 
comes readily to hand. 

The arsenic atom has five valence electrons surrounding a core having a 
net charge of +5 units and, when introduced (e.g. in silicon) as a low-fraction 
impurity, it is believed that each arsenic atom displaces one of the silicon 
atoms from its regular site and forms four covalent bonds with the nighbor- 
ing silicon atoms, thus using four of its five valence electrons (see Fig. 4). 
The extra electron cannot fit into these four bonds and is free to move about 
the crystal. This excess electron therefore constitutes a mobile localized 
negative charge. The arsenic atom, on the other hand, is an immobile local- 
ized positive charge, since its core, with a charge of +5 units, is not neutral- 
ized by its share (—4) of the charge in the valence bonds. Its net charge, 
therefore, just balances that of the excess electron it sets free in the crystal. 
Thus arsenic impurity atoms add excess electrons but do not disturb the 
over-all electrical neutrality of the crystal. The negative electrons, however, 
are somewhat attracted by the positive arsenic atoms and at low tempera- 
tures become 'weakly bound to them. At room temperature, thermal agita- 
tion shakes them off so that they become free. 

To produce a p-type semiconductor we choose an added impurity, such 
as boron, having three valence electrons and therefore not enough to com- 
plete the valence bond structure surrounding it. The hole in one of the bonds 
to the boron atom can be filled by an electron from an adjacent bond, and 
when this occurs the hole migrates away to the bond which just gave up one 
of its electrons. The boron atom thus becomes an immobile localized nega- 
tive charge. Because of the symmetry between the behavior of holes and 
electrons, we can describe the situation by saying that tlie negative boron 
atom attracts the positively charged hole but that thermal agitation shakes 
the latter off at room temperature so that it is free to wander about and con- 
tribute to the conductivity. 

Because of their valencies, phosphorous and antimony, as well as arsenic 
are in the donor class while aluminum, gallium and indium are additional 
examples of the acceptor class. 

It is beyond the scope of this prefatory note to describe how, by measure- 
ments of conductivity and the Hall effect as influenced by the amount of 
added donor or acceptor, it has been possible to determine the concentration 
of electrons and holes, as well as to fix the energies needed to remove an elec- 
tron from a donor, a hole from an acceptor, and to break a covalent bond 
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between lattice atoms. In samples of germanium of such purity that the 
amount of added donor or acceptor was too small to determine by conven- 
tional chemical methods, the conductivity was still controlled by the proc- 
esses outlined above. And it is interesting to note that a portion of this 
investigation was carried out with the aid of radioactive antimony alloyed 
with the germanium, the radioactive property making possible an accurate 
count of antimony atoms, though present only in extremely attenuated 
amounts. 

The semiconductor papers in this issue of the Journal will explain how 
these simple facts of electron exchange give rise to rectifying and amplify- 
ing properties. 

Semiconductor Rectifiers and Amplifiers 

A contact between a metal and semiconductor may act as a rectifier, the 
contact resistance being high for one direction of current flow and low for 
the opposite. Rectification results from the presence in the semiconductor 
adjacent to the interface of a potential barrier or hill which the current 
carriers, electrons or holes, must surmount in order to flow across the junc- 
tion. The direction of easy flow is that in which the carriers flow from the 
semiconductor to the metal. An applied voltage which produces a current 
flow in this direction reduces the height of the potential hill and allows the 
carriers to flow more easily to the metal. When the voltage is applied in the 
opposite direction the height of the barrier which the carriers must surmount 
in going from the metal into the semiconductor is unchanged, to a first ap- 
proximation, and the resistance of the contact remains high. A p-type semi- 
conductor is positive, an w-type negative, relative to the metal, in the direc- 
tion of easy flow. 

Rectifying contacts can also be made between two semiconductors of op- 
posite conductivity types. The direction of easy flow is again that for which 
the p - type is positive, the w-type negative. The rectifying boundary may 
separate two regions with different conductivity characteristics within the 
same crystal. • 

In some contact rectifiers it is necessary to consider the flow of both types 
of carriers, electrons and holes, even though one type is overwhelmingly in 
excess under equilibrium conditions. An example is the germanium point 
contact rectifier such as the 400 type varistor. The germanium used is n- 
type and the normal concentration of holes is small compared to the con- 
centration of conduction electrons. Nevertheless, a large part of the current 
in the forward direction consists of holes flowing away from the contact 
rather than electrons flowing in. The flow increases the concentration of 
holes in the vicinity of the contact and there is a corresponding increase in 
the concentration of electrons to compensate for the space charge of the 
holes. This increase in concentration of carriers increases the conductivity 
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of the germanium. The holes introduced in this way gradually combine with 
electrons and disappear so that at large distances the current consists largely 
of electrons. Similar effects occur at n-p boundaries in germanium; the 
current in the forward direction consists in part of holes flowing from the 
p - type region into the n-type region and electrons flowing from the w-type 
region into the p - type region. 

The alteration of concentration of carriers and conductivity by current 
flow may be used to produce amplification in a Incumber of ways. In the 
type-A transistor two point contacts are placed in close proximity on the 
upper face of a small block of n-type germanium. A large area low resistance 
contact on the base is the third element of the triode. Each point, when con- 
nected separately with the base electrode, has characteristics similar to those 
of the rectifier. When operated as an amplifier, one point, called the emitter, 
is biased in the forward direction so that a large part of the current consists 
of holes flowing away from the contact. The second point, called the collector, 
is biased in the reverse direction. In the absence of the emitter, the current 
consists largely of electrons flowing from the collector point to the base 
electrode. When the two points are in close proximity there is a mutual in- 
fluence which makes amplification possible. The collector current produces 
a field which attracts the positively charged holes flowing from the emitter, 
so that a large part of the emitter current flows to the collector and into the 
collector circuit. 

It has been found that rectifying boundaries between n- and p - type 
germanium may be used both as emitters and collectors, so that it is possible 
to make transistors without point contacts. 

The following five papers are concerned with the behaviors of holes and 
electrons in semiconductors, with particular emphasis upon rectifying junc- 
tions and transistors. The first paper “Hole Injection in Germanium” de- 
scribes new experiments on the behavior of holes and shows how their 
numbers and velocities may be measured and how they may be used to 
modulate the conductivity in the “filamentary transistor.” The second paper 
“Some Circuit Aspects of the Transistor” describes the characteristics and 
equivalent circuits for the transistor. “Theory of Transient Phenomena in 
the Transport of Holes in an Excess Semiconductor” describes in mathe- 
matical terms a number of the processes encountered in the first paper and 
brings out interesting features of the nature of an advancing wave front of 
holes. “The Theory of Rectifier Impedances at High Frequencies” analyzes 
the behavior of metal-semiconductor rectifiers for high frequencies for the 
case in which the current is carried by one type of carrier only. As mentioned 
above, in rectifiers formed from p-n junctions, currents of both holes and of 
electrons must be considered. Such rectifiers and related subjects are dealt 
with in “The Theory of p-n Junctions in Semiconductors and p-n Junction 
Transistors.” 
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Hole Injection in Germanium — Quantitative Studies 
and Filamentary Transistors* 

By 

W. SHOCKLEY, G. L. PEARSON and J. R. HAYNES 

Holes injected by an emitter point into thin single-crystal filaments of german- 
ium can be detected by collector points. From studies of transient phenomena the 
drift velocity and lifetimes (as long as 140 microseconds) can be directly observed 
and the mobility measured. Hole concentrations and hole currents are measured 
in terms of the modulation of the conductivity produced by their presence. 
Filamentary transistors utilizing this modulation of conductivity are described. 

1. Introduction 

; | a HE invention of the transistor by J. Bardeen and W. H. Brattain 1 * 2 - & 
-*■ has given great stimulus to research on the interaction of holes and elec- 
trons in semiconductors. The techniques discussed in this paper for investi- 
gating the behavior of holes in /f-type germanium were devised in part to aid 
in analyzing the emitter current in transistors. The early experiments sug- 
gested that the hole How from the emitter to the collector took place in a 
surface layer . 1 - 2 The possibility that transistors could also be produced by 
hole flow directly through /z-type material was proposed in connection with 
the p-n-p transistor : 1 Quite independently, J. N. Shive 6 obtained evidence 
for hole flow through the body of zz-type germanium by making a transistor 
with points on opposite sides of a thin germanium specimen. Such hole flow 
is also involved in the coaxial transistor of W. E. Kock and R. L. Wallace . 6 
Further evidence for hole injection into the body of n-type germanium under 
conditions of high fields was obtained by E. J. Ryder . 7 

In keeping with these facts it is concluded 3 that with two points close 
together on a plane surface, as in the type-A transistor 8 , holes may flow 
either in a surface layer or through the body of the germanium. For surface 
flow to be large, special surface treatments appear to be necessary; such 
treatments were not employed in the experiments described in this paper 
and the results are consistent with the interpretation that the hole current 
from the emitter point flows in the interior. 

The experiments described in this paper, in addition to any practical 
implications, serve to put the action of emitter points on a quantitative basis 
and to open up a new area of research on conduction processes in semicon- 

* It is planned to incorporate this material in a book entitled “Holes and Electrons, 
an Introduction to the Physics of Transistors” currently being written by VV. Shockley. 
This book is to cover much of the material planned for the “Quantum Physics of Solids” 
series which was discontinued because of the war. 
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ductors. It is worth while at the outset to contrast some of the new aspects 
of these experiments with the earlier experimental status of the bulk prop- 
erties of semiconductors. Prior to the invention of the transistor, inferences 
about the behaviors of holes and electrons were made from measurements 
of conductivity and Hall effect. For both of these effects, under essentially 
steady state conditions, measurements were made of such quantities as 
lengths, currents, voltages and magnetic fields. The measurement of time 
was not involved, except indirectly in the calibration of the instruments. 
Nevertheless, on the basis of these data, definite mental pictures were 
formed of the motions of holes and electrons describing in particular their 
drift velocity in electric fields and the transverse thrust exerted upon them 
by magnetic fields. The new experiments show that something actually does 
drift in the semiconductor with the predicted drift velocity and does behave 
as though it had a plus or minus charge, just as expected for holes and 
electrons. In addition, experiments described elsewhere 9 show that the effect 
of sidewise thrust by a magnetic field actually is observed in terms of the 
concentration of holes and electrons near one side of a filament of germanium. 

We shall discuss here evidence that holes are actually introduced into 
n-type germanium by the forward current of an emitter point and show how 
the numbers and lifetimes of the holes can be inferred from the data. We 
shall refer to this important process as “hole injection.” Discussions of the 
reasons why an emitter should emit holes are given for point contacts by 
J. Bardeen and W. H. Brattain 1, 2 * 8 and for p~n junctions elsewhere in this 
journal . 4 There are other possible ways in which semiconductor amplifiers 
can be made without the use of hole injection into w-type material or electron 
injection into £-type material.* In this paper, however, our remarks will be 
restricted to semiconductors which have only one type of carrier present in 
appreciable proportions under conditions of thermal equilibrium; for such 
cases the theoretical considerations are simplified and are apparently in good 
agreement with the experiments. 

2. The Measurement of Density and Current of Injected Holes 

The experiment in its semiquantitative form is relatively simple and is 
shown in Fig. I . 10 A rod of «-type germanium is subjected to a longitudinal 
electric field E applied by a battery B\. Collector and emitter point contacts 
are made to the germanium with the aid of a micromanipulator. The col- 
lector point is biased like a collector in a type-A transistor by the battery 
B 2 and the signal obtained across the load resistor R is applied to the input 
of an oscilloscope. At time h the switch in the emitter circuit is closed so 
that a forward current, produced by the battery B z , flows through the emitter 
point. At / 3 the switch is opened. The voltage wave at the collector, as 

* For example see references 1 and 11. 



observed on the oscilloscope, has the wave form shown in part (b) of the 
figure. 

These data are interpreted as follows: When the emitter circuit is closed, 
the electrons in the emitter wire start to flow away from the germanium 
(i.e. positive current flows into the germanium). These electrons are furnished 
by an electron flow in the germanium towards the point of contact. The 
flow in the germanium may be either by the excess electron process or by 
the hole process. In Fig. 2 we illustrate these two possibilities. At first 



Fig. 1 — Experiment to investigate the behavior of holes injected into w-type germanium 

(a) Experimental arrangement. 

(b) Signal on oscilloscope showing delay in hole arrival at k in respect to closing 5 
at h and delay in hole departure at U in respect to opening S at / 3 . 

glance it might appear that the difference between these two processes is 
unimportant since the net result in both cases is a transfer of electrons from 
the germanium to the emitter point. There is, however, an important differ- 
ence, one which makes several forms of transistor action possible. In the case 
of the hole process an electron is transferred from the valence band struc- 
ture to the metal. After this the hole moves deeper into the germanium. As 
a result the electronic structure of the germanium is modified in the neigh- 
borhood of the emitter point by the presence of the injected holes. 

Under the influence of the electric field E, the injected holes drift toward 
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the collector point with velocity /XpE, where n P is the mobility of a hole, and 
thus traverse the distance L to the collector point in a time L/npE. When 
they arrive at the collector point, they increase its reverse current and pro- 
duce the signal shown at k . 

There are two important differences between the signal produced at k 
and that produced at h . The signal at h , which is in a sense a pickup signal, 
would be produced even if no hole injection occurred. We shall illustrate this 
by considering the case of a piece of ohmic material substituted for the 
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Fig. 2— Electron flow to the metal may be produced by an excess electron moving 
toward the metal or by bonding electrons jumping (dashed arrows) successively 
into a hole thus displacing the hole deeper into the semiconductor. 


germanium. Conventional circuit theory applies to such a case; however, 3n 
order to contrast this purely ohmic case with that of hole injection, we shall 
also give a description of the conventional theory of signal transmission in 
terms of the motion of the carriers. According to conventional circuit theory, 
the addition of the current /« would simply produce an added IR drop due 
to current flow in the segment of the specimen to the right of the collector. 
This voltage drop is denoted as I € Rd in part (b), Rd representing the proper 
combination of resistances to take into account the way in which J« divides 
in the two branches. This signal will be transmitted from the emitter to the 
collector with practically the speed of light— the ordinary theory of signal 
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transmission along a conductor being applicable to it. This high speed of 
transmission does not, of course, imply a correspondingly high velocity of 
motion of the current carriers. In fact the rapidity of signal transmission 
has nothing to do with the speed of the carriers and comes about as follows: 
If the ohmic material is an electronic conductor, then the withdrawal of a 
few electrons by the emitter current produces a local positive charge. This 
positive charge produces an electric field which progresses with the speed 
of light and exerts a force on adjoining electrons so that they move in to 
neutralize the space charge. The net result is that electrons in all parts of 
the specimen start to drift practically instantaneously. They flow into the 
specimen from the end terminals to replace the electrons flowing out at the 
emitter point and no appreciable change in density of electrons occurs any- 
where within the specimen.* 

The distinction between the process just described and that occurring 
when holes are injected into germanium is of great importance in under- 
standing many effects connected with transistor action. One way of sum- 
marizing the situation is as follows: In a sample having carriers of one type 
only, electrons for example, it is impossible to alter the density of carriers 
by trying to inject or extract carriers of the same type. The reason is, as 
described above (or proved in the footnote), that such changes would be 
accompanied by an unbalanced space charge in the sample and such an 
unbalance is self-annihilating and does not occur.f 

When holes are injected into n- type germanium, they also tend to set 
up a space charge. Once more this space charge is quickly neutralized by an 
electron flow. In this case, however, the neutralized state is not the normal 
thermal equilibrium state. Instead the number of current carriers present has 
been increased by the injected holes and by an equal number of electrons 
drawn in to neutralize the holes. The total number of electrons in the speci- 
men will thus be increased, the extra electrons coming in from the metal 
terminals which complete the circuit with the emitter point. The presence 
of the holes and the neutralizing electrons near the emitter point modify the 
conductivity. As we shall show below, this modification of conductivity may 
be so great that it can be used to measure hole densities and also to give 
power gain in modified forms of the transistor. We shall summarize this 
situation as follows: In a semiconductor containing substantially only one type 
of current carrier , it is impossible to increase the total carrier concentration by 

* This is a description in words of the result ordinarily expressed in terms of the dielectric 
relaxation time obtained as follows: V-/ = — p, I = cE = — oV'I', V 2 ^ = —4 ttp/k = 
p /a so that p = po exp [— (4 t<t/k)/], where I = current density, p = charge density, <x = 
conductivity, E = electric field,'!' = electrostatic potential, k — dielectric constant. 

t In the case of modulation of conductivity by surface charges, 11 a net charge is pro- 
duced by the field from the condenser plate. The changed charge density extends slightly 
into the specimen but should not be confused with the true volume effect of hole injection. 
Such space charge layers are discussed in other articles in this issue. 4 * 12 
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injecting carriers of the same type; however, such increases can be produced by 
injecting the opposite type since the space charge of the latter can be neutralized 
by an increased concentration of the type normally present. 

Thus we conclude that the existence of two processes of electronic conduction 
in semiconductors, corresponding respectively to positive and negative mobile 
charges, is a major feature in several forms of transistor action. 

In terms of the description given above, the experiment of Figure 1 is 
readily interpreted. The instantaneous rise at t\ is simply the ohmic contribu- 
tion due to the changing total currents in the right branch when the emitter 
current starts to flow. After this, there is a time lag until the holes injected 
into the germanium drift down the specimen and arrive at the collector. 
When the current is turned off at It , a similar sequence of events occurs. 

The measured values of the time lag of k - k , the field E and the distance 
L can be used to determine the mobility of the holes. The fact that holes, 
rather than electrons, are involved is at once evident from the polarity of 
the effect; the disturbance produced by the emitter point flows in the di- 
rection of E, as if it were due to positive charges; if the electric field is re- 
versed, the signal produced at k is entirely lacking. The values obtained by 
this means are found to be in good agreement with those predicted from the 
Hall effect and conductivity data. The Hall mobility values obtained on 
single crystal filaments of n- and p - type germanium 1 * are 

Up = 1700 cm/sec per volt/cm 

Un = 2600 cm/sec per volt/cm 

The agreement between Hall effect mobility and drift mobility, as was 
pointed out at the beginning of this section, is a very gratifying confirmation 
of the general theoretical picture of holes drifting in the direction of the 
electric field. 

We shall next consider a more quantitative embodiment of the experi- 
ment just considered. In Fig. 3, we show the experimental arrangement. 
In this case it is essential in order to obtain large effects that the cross-section 
of the germanium filament be small. A thin piece of germanium is cemented 
to a glass backing plate and is then ground to the desired thickness. After 
this the undesired portions are removed by sandblasting while the desired 
portions are protected by suitable jigs consisting of wires, scotch tape, metal 
plates, etc. After the sandblasting, the surface of the germanium is etched. 
In this way specimens smaller than 0.01 X 0.01 cm in cross-section have 
been produced. The ends of the filament are usually made very wide so as 
to simplify the problem of making contacts. 

Under experimental conditions, a battery like Bi, of Figure 1 applies a 
“sweeping” field in the filament so that any holes injected by tbe emitter 
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current are swept along the filament from left to right. In the small filaments 
used for these experiments, the resulting concentration of holes is so high 
that large changes in conductivity are produced to the right of the emitter 
point and, as we shall describe below, these changes can be measured and 
the results used to determine the hole current at the emitter point. In order 
to treat this situation quantitatively, we introduce a quantity y defined as 
follows: 

y = the fraction of the emitter current carried by holes. 

Accordingly, a current y /< of holes flows to the right from e and produces a 
hole density, denoted by p } which is neutralized by an equal added electron 
density. A fraction (1 — y )/« of electrons flows to the left; these, electron? 
do not, however, produce any increased electron density to the left of the 
emitter since they are of the sign normally present in the ;*-type material. 
The presence of the holes to the right in the filament increases the con- 
ductivity a (as shown in Fig. 3c) both because of their own presence and 
the presence of the added electrons drawn in to neutralize the space charge 
of the holes. The mobility of electrons is greater than the mobility of holes, 
the ratio being 13 

b = Hn/np =1.5 for germanium 

and the electrons are always more numerous than the holes* 

n = no + p , (2.1) 

where n 0 is the concentration of electrons which would be present to neu- 
tralize the donors if p were equal to zero; consequently, the current carried 
by electrons is greater than the current carried by holes. The concentration 
of holes diminishes to the right due to the fact that holes may recombine 
with electrons as they flow along the filament. 

From this experiment the value of y and the lifetime of a hole in the 
filament can be determined. The measurements are made with the aid of 
the two probe points Pi and P 2 . The conductance of the filament between 
these points is obtained by measuring the voltage difference AV and dividing 
it into the current h + h , no current being drawn by the probes them- 
selves. The necessary formulae for calculating hole density and hole current, 

* The notation used in the equations is as follows: n, p , ti 0 = respectively density of 
electrons, of holes, of electrons when no holes are injected. Nd and N a are the densities of 
donors and acceptors, assumed ionized so that no = Nd — N a . It, h, I c are as shown on 
Figs. 3 and 9. (/« used for the probe collector in Figures 1 and 8 does not enter the 
equations.) q = |<?| is the charge on the electron, used to be consistent with Ref. 4, where 
e is used for 2.718 • • •. 
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0 e X, DISTANCE THROUGH SEMICONDUCTOR — ► 


Fig, 3 — Method of measuring hole densities and hole currents. 

(a) Distribution of holes, electrons and donors. Acceptors, which may be present, are 
omitted for simplicity, the excess of donor density Nd over acceptor density N a being no . 

(b) To the right of the emitter the added hole density p is compensated by an equal 
increase in electron concentration. 

(c) The conductivity is the sum of hole and electron conductivities. 

(d) The total current h 4- /« to the right of the emitter is carried by I p and I n in the 
ratio of the hole to the electron conductivity 


& 
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shown on the Figure, are derived as follows: 

Normal conductivity a 0 = qp n n o , (2.2) 

conductivity with holes present a = q\x n n + q^ p p 

= ?Mn(wo + p) + qupp = roll + (1 + lr l )(p/th)]. (2.3) 

The conductance, 

G = (/« + I b )/ AF, 

between Pi and P 2 is proportional to the local conductivity, and hence to 

1 + (1 + b~')(p/no), 

so that a measurement of the conductance gives a measurement of p/n 0 . 
Letting G and Go be the conductances between the points with and without 
hole injection, we have 


% = - = 1 + (1 + b~ l )(p/n 0 ) 

Lro Co 


or 


p_ _ a — Co 
Wo co(l + b~~ l ) 


(G/Go) — 1 
1 + b~ l ' 


(2.4) 


(2.5) 


The ratio of hole current to electron current is qn P p/qHnn and the fraction 
of the current carried by holes is thus 


WpP 


In + I P qvn n + Wp p bn o + (1 + b)p 

_ p! n 0 


1-(G 0 /G) 
1 + b 


( 2 . 6 ) 


Ml + (1 + b-')(p/no)] 

Hence from the measured values of G, it is possible to obtain the fraction 
of the current carried by holes. Multiplying this fraction by I t + I b then 
gives the actual hole current flowing past the probe points.* If there were 
no decay, the current past the probe points would be y /< and since I t is 
known, y could be easily determined. Actually, however, there may be quite 
an appreciable decay. However, if the current /& is increased, the holes will 
be swept more rapidly from the emitter to the probes and less decay will 
result. Thus by increasing /& , the effect of recombination can be minimized 
and the value of hole current can be extrapolated to the value it would have 
in the absence of decay. This value is, of course, yl t . 

* In these calculations the formulae n = p + n 0 , corresponding to completely ionized 
donors and acceptors, has been used. Infgermanium this is a good approximation. For 
silicon, however, modifications will be necessary. 
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In Fig. 4 we show some plots of this sort. The ordinate is I p /I, which 
should approach 7 as the value of I b becomes larger. The theory indicates 
that a logarithmic plot should be used and that the abscissa should be made 
proportional to transit time so that the case of no decay or zero transit time 



Fig. 4 — Extrapolation of measured hole and electron currents to zero transit time in 

order to determine y. 


comes at the left edge.f The conclusion reached from this plot is that for the 
case of the »-type sample, the value of y is substantially unity, — all the 

t M the lifetime of a hole is r, then the hole current at the points is I p = yl t exp (— t/r) 
where t is the transit time to a point midway between die points, say a distance L from 
the emitter. If the electric field is E = AV/AL, then the transit time / = LAL/y^AV. 
Hence if In I p , as^ determined from the ratio of conductivities is plotted against i = LAL/ 
fipAV a straight line with intercept In yl € and slope — 1/r should be obtained. 
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emitter current is holes. For the opposite case in which electrons are injected 
into p - type material, 14 the corresponding value of /„//« extrapolates to 0.6 
indicating that for this case 60% of the current is carried by electrons and 
40% by holes. For these particular specimens the lifetimes are found to be 
0.9 and 0.41 microseconds respectively. There is a body of evidence, some 
of which we discuss below, that holes combine with electrons chiefly on the 
surface of the filament. 

3. The Influence of Hole Density on Point Contacts 

The presence of holes near a collector point causes an increase in its 
reverse current; in fact the amplification in a type-A transistor is due to the 
modulation of the collector current by the holes in the emitter current. The 
influence of hole density upon collector current has been studied in con- 
nection with experiments similar to those of Fig. 3. After the hole current 
and the hole density are measured, a reverse bias of 20 to 40 volts is applied. 
The reverse current is found to be a linear function of the hole density. 
Figure 5 shows typical plots of such data. Different collector points, as 
shown, have quite different resistances. However, once data like that of 
Fig. 5 have been obtained for a given point, the currents can then be used as a 
measure of hole density. This experimental procedure for determining hole 
density is simpler than that involved in using the two points and much 
better adapted to studies of transient phenomena. It is necessary in em- 
ploying this technique to keep the current drawn by the collector point 
somewhat smaller than /& + /« ; otherwise the disturbance in the current 
flow due to the collector current is too great and the sample of the hole 
current is not representative. Experiments have shown, however, that this 
condition is readily achieved and that the collector current may be satis- 
factorily used as a measure of hole density. 

The hole density also affects the resistance of a point at low voltage. 
Studies of this effect have also been made in connection with the experi- 
ment of Fig. 3. After the hole density has been determined from measure- 
ments of AV and I b + , a small additional voltage (0.015 volts) was ap- 

plied between Pi and P 2 and the current flowing externally between Pi and P 2 
was measured. From these data a differential conductance, for small cur- 
rents, is obtained for the two points Pi and P 2 in series. As is shown in 
Fig. 6, this conductance is seen to be a linear function of the hole concen- 
tration. The conductance of a point contact arises in part from electron flow 
and in part from hole flow. From experiments using magnetic fields 9 , it has 
been estimated that under equilibrium conditions the two contributions to 
the conductance may be comparable. In connection with Fig. 6 it should 
be noted that the hole concentration on the abscissa is the average hole 
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concentration throughout the entire cross section; the hole concentration 
may be much less near the surface due to recombination on the surface. 

Techniques of the sort described above can be used to measure the prop- 
erties of collector points. If a collector point is placed between the emitter 
and Pi in Fig. 3, then the hole current extracted by the collector can be 
determined in terms of the hole current past Pi and P 2 . By these means an 
“intrinsic a” for the collector point can be determined. The intrinsic a is 



Fig. 5 — Dependence of collector current l e upon average hole density being swept by 
collector point. Collector biased 20 volls reverse. 

defined as the ratio of change in collector current per unit change in hole 
current actually arriving at the collector. 

4. Studies of Transient Phenomena 

The technique of using a collector point to measure hole concentrations 
has been employed in a number of experiments similar to those described in 
connection with Fig. 1. These experiments give information concerning 
hole lifetimes, hole mobilities, diffusion and conductivity modulation. 

One of the methods employed to measure hole lifetime involves the meas- 
urement of the increase in collector current, produced by the arrival of the 
leading edge of the hole pulse, as a function of the transit time of the holes 
from emitter to collector. This time is varied by varying the distance be- 
tween. the emitter and the collector points. 
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In Fig. 7 we show a plot, obtained in this way, from a sample of germa- 
nium having dimensions 1.0 X .05 X .08 cm. It is seen that the increase in 
collector current due to hole arrival decays exponentially with a time con- 
stant of 18 microseconds. This time constant increases as the dimensions 
of the germanium sample are increased so that a time constant of 140 micro- 
seconds was measured, using a sample having dimensions 2.5 X .35 X .30 



Fig. 6 — Conductance of Pi and P 2 of Fig. 3 in series as a function of p/no , showing that 
conductance depends on hcle concentration but not on currents in filament. For 
each value of ft the hole density was varied by varying h -b /« from .038 to 

0.78 ma. 

cm. Since the holes injected into the interior of this sample can diffuse to 
the surface and recombine in about 100 microseconds, the process may still 
be largely one of surface recombination. In any event, it may be concluded 
that the lifetime in the bulk material used must be at least 140 microseconds. 
Making use of the electron density determined from other measurements, 
we conclude that the recombination cross section must be less than 10 
cm 2 . This cross section, which is less than 1/400 the area of a germanium 
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atom, may be so small because a hole-electron pair has difficulty in satisfying 
in the crystal the conditions somewhat analogous to conservation of energy 
and momentum which hinder recombination of electrons and positive ions 
in a gas discharge. Thus it has been pointed out that a hole-electron pair will 
have a lowest energy state in which the two current carriers behave some- 
thing like the proton and electron of a hydrogen atom. 16 Such a bound pair 
is called an exciton and the energy given up by their recombination is the 
“exciton energy.” In order to recombine they must radiate this energy in 



the form of a light quanta (photon) or a quantum of thermal vibration of the 
crystal lattice (phonon). The recombination time for the photon recombina- 
tion process can be estimated from the optical constants for germanium 
and the theory of radiation density using the principle of detailed balancing, 
which states that under equilibrium conditions the production of hole 
electron pairs by photon absorption equals the rate of recombination with 
photon emission; the lifetime obtained in this way is about 1 second at room 
temperature indicating that the photon process is unimportant. 19 As has 
been pointed out by A. W. Lawson, 16 the highest energy phonon will have 
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insufficient energy to carry away the “exciton energy” of a hole-electron 
pair and, therefore, the release of energy will require the cooperation of 
several phonons with a correspondingly small transition probability. 

When a square pulse of holes is injected in an experiment like that of 
Fig. 1, the leading and trailing edges of the current at the collector point 
are deformed for several reasons. Due to the high local fields at the emitter 
point, some of the holes actually start their paths in the wrong direction — i.e. 
away from the collector; these lines of flow later bend forward so that those 
holes also pass by the collector point but with a longer transit time than 
holes which initially started towards the collector. A spread in transit times 
of this sort is probably largely responsible for the loss of gain at high fre- 
quencies in transistors. For the experiments described below, however, 
this effect is negligible compared to two others which we shall now describe. 

On top of the systematic drift of holes in the electric field, there is super- 
imposed a random spreading as a result of their thermal motion. This would 
cause a sharp pulse of holes to become spread so that after drifting for a 
time td the hole concentration would extend over a distance proportional 
to \/ Did where D, the diffusion constant for holes, = kT\j. v /q = 45 cm 2 /sec. 
As a result of this effect, the leading and trailing edges of the square wave 
of emission current become spread out when they arrive at the collector. 
This is shown in Fig. 8, curve A for the leading edge and B for the trailing 
edge. The points are 10 microsecond marker intervals traced from an oscillo- 
scope, the time being measured from the instant at which the emitter 
current starts. For A and B the emitter current was so small compared to 
the current that the holes produced a negligible modulation of conductiv- 
ity and each hole moved in essentially the same electric field. It is to be 
observed that the wave shapes are nearly symmetrical in time about the 
half rise point and that the A and B waves are identical except for sign. 
This is just the result to be expected from diffusion. Furthermore, analysis 
shows that the spread in arrival time is in good quantitative agreement with 
the theoretical wave shape using the diffusion constant appropriate for holes. 
For this case the mid-point of the rise, corresponding to the crossing point 
of the curves, gives the average arrival time and has been used to obtain an 
accurate measure of the mobility. 

Curves C and D correspond to conditions in which the emitter current 
was relatively large — two thirds of the base current. High impedance sources 
are used so that /& is constant and /* is a good flat topped wave. For the 
currents used in this experiment, the conductivity is appreciably modulated 
by the presence of holes. This accounts for the shape of curve C, correspond- 
ing to the arrival of holes at the collector. It is seen that this curve is not 
symmetrical but is much more gradual towards later times. The reason for 
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this is that the first holes to arrive are those which have diffused somewhat 
ahead of the rest and move in material of low conductivity. The later holes 
travel in an environment of relatively high conductivity and, consequently, 
in a lower electric field. (Since the current is the same at all points between 
emitter and collector, the field is inversely proportional to the conductivity.) 
The transit time for the later holes is, therefore, longer and the hole density 
builds up more slowly for the latter part of the incoming pulse of holes. 
The wave form obtained from the trailing edge of the emitter pulse, curve Z>, 
is in striking contrast with the leading edge. The first gradual decay, up to 
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EMITTER CURRENT SMALL, ABOUT 4% OF 1^, SO THAT ALL HOLES 
MOVE IN THE SAME FIELD. 


.EADING EDGE OF PULSE FOR I e = 2/3 1^ 


[RAILING EDGE OF HOLE PULSE FOR If = 2/3 ^^^PWING SHARPENING 
: ROM X TO Y DUE TO TENDENCY OF LAGGING HOLES TO CATCH UP. 


Fig. 8— Collector current characteristics for the circuit shown in Fig. 1. 


point X, is due to recombination of holes and electrons; at /* the emitter 
current becomes zero; consequently, the electric field is reduced and the 
holes arriving at X have taken a longer transit time than the holes arriving 
at h and a larger fraction of them have recombined with electrons. The 
true trailing edge, running from X to Y, is appreciably sharper than the 
l adin g edge. The reason for this is that holes lagging behind the main body 
of holes are in a region of relatively low conductivity and high electric field 
and tend to catch up with the main body. Thus the same effect which 
lengthens wave C acts to shorten wave D. 

C. Herring has been able to obtain mathematical solutions for the appro- 
priate equations bearing on the matters just discussed. His theory is pre- 
sented elsewhere in this issue . 17 
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The delay feature discussed in connection with Figs. 1 and 8 indicates 
interesting possibilities of using germanium filaments as delay or storage 
elements. 


5. The Theory of the Filamentary Transistor 

In Fig. 9 we show a transistor with a filamentary structure. 18 Modula- 
tion is achieved in this case by injecting holes at the emitter point which 
flow to the right and modulate the resistance in the output branch between 
emitter and collector. Structures of this sort can be produced by the sand- 
blasting technique discussed in Section 2. The enlarged ends, which give the 
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Fig. 9— Filamentary transistor and equivalent circuit. 


unit a dumbbell appearance, decrease the problem of making contact to the 
unit. T. he large area at the left side serves the additional purpose of reducing 
unwanted hole emission from the metal electrode and affords an opportunity 
for any emitted holes to recombine before they enter the narrow part of 
the unit. 

The theory of this transistor is relatively simple and most of the features 
we shall discuss in connection with it have counterparts in the theory of the 
type-A transistor. We shall discuss the case for which the injected current 
is a small fraction of the total current in the filament. Under these conditions 
we can use a simple linear theory. We shall show that the behavior of the 
transistor can be given for small a-c signals by the equivalent circuit in 
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Figure 9(b), which shows the current and voltage relationships in a form 
equivalent to those used in connection with the type-A transistor. 

The point J in Fig. 9 represents a point in the filament near the emitter 
point. The current from the emitter point will be determined by the differ- 
ence between its voltage V t and that of the surrounding semiconductor, 
namely the voltage at /. Thus we can write 

(5,1) 

For small a-c variations, i t , v t and vj , this equation leads to the rela- 
tionship 

it = (®. - vj)f'. , (5.2) 

where /i is the derivative of/, in respect to its argument. Letting/, = 1/R, 
this equation becomes 

v, — vj = R,it • (S.3) 

This relationship is correctly represented by the R, branch of the equivalent 
circuit. The voltage at J, under the assumed operating conditions with /, 
positive and much less thaft I e , will be — IbRb where Rb is the resistance 
from the base to an imaginary equipotential surface passing through J 
and Vb = 0, corresponding to grounded base operation. This leads to 

Vj = —Rbib = -\~Rbit + Rbic , (5.4) 

since ib + it + i 0 = 0. This relationship is obviously satisfied by the R b 
branch of the equivalent circuit. 

We now come to the collector branch which we have represented as a 
resistance R c and a parallel current generator* a,i, . (This circuit is equivalent 
to another in which the parallel current generator is replaced by a series 
voltage generator .) We must show that this part of the equivalent 
circuit represents correctly the effect of injecting holes into the right arm 
of the filament. We shall suppose that there is negligible recombination so 
that the hole current injected at the emitter point flows through the entire 
filament. (We consider recombination in the next section.) The current I 0 in 
the collector branch thus contains a component —yl, = I v of hole current 
(minus because of the algebraic convention that positive /,(= —Ib — It) 
flows to the left). The added hole and electron concentrations lower the 
resistance and R e changes to R c + BR C , where 5R. is negative. The current 
voltage relationship for this branch of the filament then becomes 

V, - Vj = (.Rc + 6Rc)Ic . (5.5) 

*a, in the equivalent circuit differs from a = — (die/ 91 «)», by the relationship a, — a + 
(a — !)(&/&), equivalent to equation (6.8). 



Our problem is to reexpress this relationship in terms of the small a-c com- 
ponents and show that it reduces to the relationship 


Vc — Vj = Re(ie + OCeit) (5.6) 

corresponding to the equivalent circuit. For small emitter current the 
analysis is carried out conveniently as follows: The ratio of hole current to 
the total current is — y /,//„. The ratio {R c + hR c )/R c corresponds to 
Go/G discussed in connection with Fig. 3. The ratio of hole current to total 
current is given in (2.6) in terms of Go/G and may be rewritten as 

_ yh _ 1 — (Go/G) _ —SR C , . 

Ic 1 + 6 (1 + tyRe’ ^ ’ 

giving 


8R C = R c ( 1 + b)y I,/I e . (5.8) 

(Since I c is negative and I, is positive this equation shows that 8R e is nega- 
tive, i.e., the conductivity has been increased by the hole current.) Putting 
this value of R c + &R C into the equation for V c - Vj gives 

V e — V j — (R c + 8R C )I C 

— R c [h + (1 + b)yl,]. (5.9) 

If we consider small a-c variations in the currents and voltages, this reduces 
to the equation given by the equivalent circuit with 

«« = (1 + b)y. (5.io) 

The data of Section 2 indicate that for holes injected into H-type germanium 
7=1, and since b = 1.5 we obtain a, = 2.5. 

The quantity Vj can be eliminated by using v j = R b (i t + Q i n equation 
(5.3) for v t and the small signal form of (5.8) for v c leading to the pair of 
equations 


l '< — (Rt + Rb)i t + Rbi c (5.11a) 

v c = (Rb + a e R e )i « + (R c + R b )ic • (5.11b) 

These equations are formally identical with those for the equivalent circuits 
of the type-A transistor. 

It should be emphasized that although hole injection into w-type germa- 
nium plays a role in both the type-A and the particular form of filamentary 
transistor shown in Fig. 9, there are differences in the principles of operation. 
One important feature of the type-A is the high impedance of the rectifying 
collector contact which, however, does not impede hole flow and another 
important feature is the current amplification occurring at the collector 
contact. Neither of these features is present in the filamentary type shown. 
Instead, the high impedance at the collector terminal arises from the small 
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cross-section of the filament. The modulation of the output current takes 
place through the change in body conductivity due to the presence of the 
added holes, a change which appears to be unimportant in the type-A 
transistor. In the filamentary type, current amplification is produced by 
the extra electrons whose presence is required to neutralize the space charge 
of the holes. Current amplification in the type-A transistor is, probably, also 
produced by the space charge of the holes 3 but the details of the mechanism 
are not as easily understood. 


6. Effects Associated with Transit Time 

Two important effects arise from the fact that a finite transit time is 
required for holes to traverse the R c side of the filament: during this time 
the holes recombine with electrons and the modulation effect is attenuated 
for this reason; also the modulation of the conductivity of the filament at 
any instant is the result of the emitter current over a previous interval and 
for this reason there will be a loss of modulation when the period of the a-c 
signal is comparable with the transit time or less. 

For the small signal theory, the effect of transit time is readily worked out 
in analytic terms. We shall give a derivation based on the assumption that 
the lifetime of a hole before it combines with an electron is r p . According 
to this assumption, the fraction of the holes injected at instant which arc 
still uncombined at time k is exp[- (h - fi)/r p ]. This means that the effect 
in the filament at any instant h is the average, weighted by this factor, of 
all the contributions prior to k back to time k — t< where r t is the transit 
time; holes injected prior to k — tj have passed out of the filament by 
time k ■ If the emitter current is represented by i,ne'"‘ , the effective average 
emitter current is 

i.M = »,c ['* dh/r t . (6.1) 


The term dh/rt is chosen so that a true average is obtained since the sum 
of all the dh intervals add up to n . The integral is readily evaluated and 
gives 


i«eff(/ 2 ) = i. 0 6 ™* 


1 — exp [— io)T t — (rt/rp) ] 
iur t + (t// t p ) 


(6 2 ) 


The result so far as the equivalent circuit is concerned is that obtained by 
taking a e as* 

a e = 7(1 + (6.3) 


* The derivation of equations (5.10) and (5.11), describing the equivalent circuit, shows 
that hole injection enters only through the term 8R C I C in (5.8). This term leads only to 
oteRJi =( 14 * b)yR c i t in (5.11) and should be replaced by (1 -f b)yR c i ( e(( = (1 + b)yf}R c i ( 
leading to (6.3). 
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whe.re 


! - — ~ ^ '-*7 - . ( 6 . 4 ) 

70)7/ + (T//Tp) 

0 represents the effect of recombination and transit angle, cut/ , in reducing 
the gain. 

We shall consider two limiting cases of this expression. First if cur/ is very 
small, the new- factor becomes 

P = (rp/rtH 1 - e~ U ' Tp )- ( 6 . 5 ) 

If 7/ is much larger than t p , so that the holes recombine before traversing 
the filament, then the exponential is negligible and p becomes simply T p /r t . 
This means that the effectiveness of the holes is reduced by the ratio of their 
effective distance of travel to the entire length of the filament, i.e., t p /ti is 
the ratio of distance travelled in one lifetime to the entire length of the fila- 
ment. Essentially the holes modulate only the fraction of the filament which 
they penetrate. The transit time depends on the field in the filament which 
is | V c — V j \/L Cy the absolute value being used since V c is negative. The 
transit time is thus 

r,= L c /\ix p \V C - Vj | /L c ] = 4/Mp | V e - Vj |. (6.0) 

For very small emitter currents V e — V j = R C V C /(R C + R b ) so that 

Tt = Ll(Rc + R b )/nfR c \V c \ ( 6 . 7 ) 

and T t is inversely proportional to V c . For large values of V e , t, approaches 
zero and p approaches unity. The dependence of fi upon V c has been investi- 
gated by measuring a and plotting it as a function of |l/F c | as shown in 
Fig. 10. The value of 


a = ~{dI c /dI,) Ve (6.8) 

is readily found from the equivalent circuit, using equation (5.11), to be 

Rb OteRc 

“ “ Rb + R c + R b + Rc' (6J) 

For the particular structure investigated, the values of R b and R c , obtained 
at I t = 0, were in the ratio 1:4. The value of or obtained by extrapolating 
the data to \V C \ = «> is 2.2; the value given by the formula for this case 
with p = 1, is 


« = 0.2 + 0.8 X 2.5 X 7 , (6.10) 

from which we find y = 1.0, in agreement with the result of Fig. 4 that 
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substantially all of the emitter current is carried by holes. The theoretical 
curve shown on the Figure is 

« = 0.2 + 0.8 X 2.5 X |7 e /10|(l - e ,0/lrc| ). (6.11) 

This corresponds to 

10 Lc(R 0 Rt) 

7, “ m TpUpRc\V e \ 9 V } 

from which it was concluded that for the particular bridge studied t v was 
0.2 microseconds. 



Fig. 10 — a versus \/\V c \ showing agreement with the theory for the value of 0. 


If ti is much shorter than r p , then the holes penetrate the whole filament 
and 0 becomes 


P = 


1 — exp(— icon) 
iu)Tt 


e W2 sin (o>r</2) 
(<i>T t /2) 


(6.13) 


For small values of con , 0 approaches unity since (sin x)/x approaches unity 
as x approaches zero. For o>t*/2 = tt, the response is zero. This is the condi- 
tion that n = 2 ir/ca = 1//. For this case the filament is just so long that 
the modulation is averaged over the time of one cycle of the input signal 
and since this average includes all phases, the modulation vanishes. 

Preliminary experiments with filamentary transistors, made in accord- 
ance with the principles discussed above, appear to confirm the general 
aspects of the theory. Power gains of IS db have been obtained and fre- 
quency responses showing a drop of 3 db in a at 10 8 cycles/sec. have been 
observed. Noise measurements indicate an improvement of 10 to IS db over 
the average type-A transistor for comparable conditions of preparation. 
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Some Circuit Aspects of the Transistor 

By R. M. RYDER and R. J. KIRCHER 

Introduction 

T HE purpose of this note is to discuss in a general way some circuit 
aspects of the transistor. It is rather interesting that in order to discuss 
its circuit aspects, little direct reference to the transistor is necessary. One 
needs only certain properties of the transistor which are empirically ob- 
tainable by measurement; these properties then determine behavior in the 
manner prescribed by the methods of general network theory. In principle, 
one needs no knowledge of the physics of the transistor in order to treat it 
circuitwise; any “black box” with the same electrical behavior at its term- 
inals would act the same way. 

It is rather fortunate for our purposes that the problem does separate 
nicely in this way. The operation of the transistor is reasonably well under- 
stood; but, for calculations of performance from physical properties, the 
numerical parameters needed are somewhat inaccessible, numerous and com- 
plicated. The paper by Shockley 1 gives some calculations of this kind which 
are illuminating for theoretical understanding. However, just as with elec- 
tron tubes, practical engineering calculations often do not need to go back 
to the ultimate physics. Starting from the electrical properties of the transis- 
tor as empirically determined by measurements on its terminals, we need 
go only to the literature of electrical engineering to find much practically 
useful information on properties of circuits which could be built around the 
unit. 

This method of characterizing the electrical performance of a device more 
or less independently of its physical construction has come into wide use 
in recent years. A considerable amount of work has been done with applica- 
tions to both electron tubes and transistors at the Bell Telephone Labora- 
tories by L. C. Peterson . 2 The purpose of the present note, however, is not 
to go deeply into the subject but rather to review it in a general way, in- 
dicating applications to some of the simpler transistor circuits and com- 
parisons with electron tubes. For more profound analyses one may refer to 
Peterson’s work. 

1 “The Theory of p-n Junctions in Semiconductors and p-n Junction Transistors,” 
W. Schockley, this issue of The Bell System Technical Journal. 

2 “Equivalent Circuits of Linear Active Four-Terminal Networks,” L. C. Peterson, 
Bell System Technical Journal , Oct. 1948, pp. 593-622. 
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The method used for circuit analysis may be grouped under the following 
headings: 

1. Linear problems, like low-level amplifiers or the question of onset of 
oscillations. Such problems visualize the transistor as making only 
small excursions from an assumed operating point and are best treated 
by the method of small-signal analysis. The unit is assigned an equiv- 
alent circuit or, in mathematical terms, is dealt with by means of linear 
equations. 

2. Slightly non-linear problems, like Class A power amplifiers. Here the 
excursions about the operating point are large enough to bring in 
higher-order effects like harmonic generation or intermodulation, but 
still small enough so that these effects can be treated by adding to 
the equivalent circuit certain distortion generators. Mathematically, 
some terms need to be added to the linear equations but these terms are 
of the nature of corrections, not big changes. 

3. Highly non-linear problems, such as Class B or C amplifiers, oscillators, 
switches, harmonic generators. Here the excursions about the charac- 
teristic are so large as to reduce the linear approximation to the status 
of a qualitative guide or perhaps to invalidate it entirely; mathema- 
tically, the small signal series either require many terms for accuracy or 
else do not converge at all. These large-signal problems usually have to be 
treated by methods special for each problem. Frequently one uses graph- 
ical constructions from the static characteristics, or analytical methods 
starting from reasonable approximations to the static characteristics. 

4. Finally, in certain highly non-linear problems the non-linear features 
are in a sense subsidiary; one is really interested in the behavior of a 
superposed small signal subject to a linear analysis. The non-linear 
part of the problem may appear in the form of circuit parameters or 
frequency shifts which may be left for empirical determination. Such 
problems are exemplified by mixers, modulators, or switches. 

The subsequent discussion will emphasize mainly the linear problems 
where the methods of circuit analysis are most effective, but will touch on 
some of the other fields occasionally. 

The Type A Transistor 

Perhaps at this point is the place to pay our respects to the physics of 
the transistor. A view of the Type A transistor 3 , currently being made in 
small quantities, is shown in Fig. 1. It is about \ inch long and fV inch 
in diameter. Two small phosphor bronze “cat-whiskers” make point contacts 
close together to a block of germanium. A large area ohmic contact to the 

3 “Type A Transistor,” R. M. Ryder, Bell Laboratories Record , March 1949, pp. 89-93. 
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germanium constitutes the third electrode, called the base. How it works is 
shown in a purely descriptive way in Fig. 2. One point, called the collector, 



EMITTER COLLECTOR 



Fig. 2 — Transistor mechanism. 


is a rectifier biased strongly in the low-conducting direction. It therefore has 
a rectifying barrier in the germanium near it, which causes the collector 
impedance to be high. However, the collector can be influenced by the 
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emitter if the latter is arranged to emit anomalous charge carriers, that 
is, carriers of the sign not normally present in the interior of the material. 

Equivalent Circuits 

As has been explained by Bardeen, Brattain, and Shockley, many features 
of the transistor are nicely explained by this picture of its action; but, for 
present purposes of circuit analysis, vve shall now take the purely empirical 


CIRCUIT 




EQUIVALENT CIRCUIT 



Equations 

Circuit determinant 
Input impedance 


ii(Z 0 4 ?n) 4* = va 

i\%\ 4 ^($22 4 Z L ) — 0 

A = ($n 4 Z g )($tx + Z L ) - $»$ 2 i 


Zn = $u — 


$12 $21 

$22 4 Zl 


Output impedance Z 22 = ?22 — 


$12 $21 

$11 4 Zq 


|-?n 


Operating power gain Go = 4 RqRl — — 



Insertion power gain G\ = 


(Zp 4 Z^)$2i 
A 


Fig. 3— Synopsis of general four-pole— impedance analysis. 


view and regard the transistor as a black box whose performance is to be 
determined by electrical measurements on its terminals. 

A picture of a black box is shown in Fig. 3 along with the equations de- 
scribing it. 'Fhe performance is completely characterized if one knows the 
voltage and current at each of the two pairs of terminals. Now, of these 
four variables, only two are independent since, if any two are fixed, the other 
two are determined. One can therefore describe the network in terms of 
any two variables and, since there are six possible ways to choose a pair of 
variables from a set of four, there are six ways of describing the network. 

To recall what is done for electron tubes is helpful. In the case of a triode 
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the voltages on grid and plate are usually taken as independent variables, 
the grid and plate currents are taken as functions of the voltages. It be- 
comes natural, then, to measure tubes with regulated power supplies having 
low impedances to keep the voltages constant, and one is then naturally led 
to describe tubes in terms of admittances. Now the trouble with this scheme 
for transistors is that many of them oscillate when connected to low im- 
pedances, that is, many transistors are short-circuit unstable. To avoid this 
difficulty it is convenient to measure with high impedances in the leads; 
the analytical counterpart is to regard the currents as independent variables, 
leading naturally to a description of the transistor in terms of impedances, 
as shown in the figure. 

This' description by open-circuit impedances happens to be a good one 
for many purposes, but there is nothing final or unique about it. In fact at 
high frequencies one of the other descriptions becomes more convenient. 

By interpreting the equations as circuit equations, one is led directly 
to the first equivalent circuit of Fig. 4. A little consideration shows why the 
“g’s are called open-circuit impedances. For example, if the second mesh is 
open-circuited, then the equation say that is the ratio of input voltage 
to input current, that is, the input open-circuit impedance; while fyi is the 
ratio of output voltage to input current, that is, the open-circuit forward 
transimpedance. Similarly is the open-circuit feedback transimpedance 
and c )22 is the open-circuit output impedance. Most of the subsequent dis- 
cussion is concerned with low frequencies, where the impedances reduce to 
resistances. 

This equivalent circuit for small signals is only one of many possibilities. 
Another, which is in fact more frequently used, is shown on Fig. 4. It con- 
sists of a T of resistors, each of which is associated with one of the transistor 
leads, and a voltage generator in series with the collector lead whose ratio 
to the emitter current is also of the dimensions of a resistance. The elements 
of this equivalent circuit are related to the former one by a simple sub- 
traction. The other equivalent circuit on Fig. 4 is obtained by converting 
the series voltage generator to the equivalent shunt current generator, 
whose ratio to the emitter current is now a dimensionless constant which 
we shall call a. 

These circuits, as well as all the other numerous possibilities, are equiva- 
lent in the sense that they all give exactly the same performance for any 
external connection of the unit. These three, however, are particularly well- 
behaved in that usually none of the circuit elements is negative; they are 
readily accessible to measurement; the association of the various circuit 
elements with corresponding regions within the transistor appears to have 
some physical significance; and, finally, the parameters are not too dread- 
fully dependent on the exact operating point used. 
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In the choice among various equivalent circuits, it appears that the op- 
timum of convenience is also the one which most closely approaches the 
underlying physical situation. In agreeing to use the black box approach we 
have resolutely ignored the physical details, but here they are presenting 
themselves in a new way, having sneaked in the back door after we barred 
the front. Now, however, having chosen an equivalent circuit, we shall 
continue pursuing the circuit analysis in resolute ignorance of the physics. 
In what follows various equivalent circuits may be used, depending on the 
convenience of the moment. 



Figs. 4— Some equivalent circuits. 


CONSTANT- 
CURRENT W 
GENERATOR 



HIGH- 

IMPEDANCE 

VOLTMETER 


Fig. 5 — Principle of measurement method. 


The principle of a method used for rapid measurement of the transistor 
impedances is shown in Fig. 5, illustrating the measurement of forward 
transimpedance. A pair of terminals of the transistor is driven by a small 
alternating current of a few thousand cycles from a high impedance gen- 
erator; the voltage developed is read by a high-impedance voltmeter. By 
calibrating the meter directly in ohms, one can read off the open circuit 
resistances of the unit as rapidly as one can switch and read meters. 

Average values found by this method for the Type A transistor are shown 
on Fig. 6, together with data on the direct-current operating point. Since 
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development is still at an early stage, there are considerable variations 
between units. 


Single Stage Amplifiers. Stability, 
Electron Tube Analogy 


An amplifier can be built in a straightforward manner by using the emitter 
as input electrode and collector as output electrode, the base being common 
to the two circuits. This amplifier is therefore called the grounded base 
amplifier. Figure 7 shows a schematic circuit using the average parameters 
just mentioned, working between 500 ohms and 20,000 ohms. The ampli- 
fier has an operating power gain of 17 db, power output Class A 10 milli- 
watts, noise figure at 1000 cycles 60 db with a variation inversely with fre- 
quency, and frequency response down 3 db at 5 megacycles. 


Type A Transistor 


D.C. Operating Point: 
Circuit Parameters: 


J« = 0.6 ma. 

I„ = —2 ma 
r, = 240 ohms 
r s = 19000 ohms 
?u = 530 ohms 
= 34000 ohms 


V, = 0.7 F 
Vo = -40F 
rt = 290 ohms 
r m = 34000 ohms 
= 290 ohms 
= 19000 ohms 


Fig. 6— Equivalent circuit parameter values. 


Some comments are in order on how this amplifier compares with an 
electron tube amplifier. First of all, the amplifying function and the manner 
of analyzing it from the circuit point of view are very similar, even though 
the internal mechanisms are markedly different. Secondly, there are quali- 
tative differences in circuit behavior, which are set forth on Fig. 8. The 
base resistance rb acts as a positive feedback element which, under adverse 
conditions, can cause the circuit to oscillate. A necessary condition for 
stability is that the circuit determinant shall be positive, and this can be 
written as follows: 


rm v . i R-e I Re 
Rc R^ R^ 


(i) 


Here the quantity r m is the net mutual resistance of the transistor, and 
the capital R’s are the total resistances in the corresponding leads, internal 
and external. One can see several features, as follows: 

1. If R B = 0, the circuit can be stable. 

2. If R b > 0, as usual, the circuit can be stable if the emitter and collector 
lead resistances are large enough or if r m is not too large. In other 
words, resistance in the base lead tends toward instability if r m is 
large; resistance in emitter or collector leads tends toward stability. 
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In the grounded base circuit the property of low base resistance is im- 
portant, since the backward transmission depends directly on this property. 
In circuit terms, the base impedance is the feedback impedance in 
the grounded base circuit, and its value helps to set a limit on the stable 
gain which can be realized. 


CIRCUIT 



TUBE ANALOGY -GROUNDED GRID 



Equations: i\{Ro + r t 4* n) + hrb = vg 

i\ \rt ~b r m ) *+ hifb + r e + Rl) * 0 

Circuit determinant A = ( Rg + r, - f r*)(/?L 4 r e 4* r&) — n(n + r m ) 
> 0 for stability 

rb(n 4* r») 

Input impedance R u = r t + n — — — : : — 

Rl + r e 4- rt 


Output impedance = r e 4 n — 


rb(n + r m ) 


Operating power gain Go = 4 RgRl 


Rq 4 r t 4* r b 


Typical values: For Rq = 500*, R L = 20,000* 
Then R n = 280*, R*> = 9600* 
Go = I7 db 


Fig. 7 — Synopsis of grounded base amplifier. 


The grounded base circuit has properties which are strongly reminiscent 
of the grounded grid electron triode amplifier in that both have low input 
impedance, high output impedance, and no change of signal polarity in 
transmission. The analogy was pointed out by Shockley. That this similarity 
is no coincidence can be seen by comparing the third equivalent circuit 
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above with the triode equivalent circuit of F. B. Llewellyn and L. C. Peter- 
son 4 in Fig. 9. Both circuits have the same topological form, and have 
similar impedance levels if the triode is considered to be operating in the 
frequency range of some tens of megacycles. The most important difference 
concerns the quantity a, a current amplification factor which, for the tran- 
sistor, may be considerably greater than unity; while the analogous quantity 


Can be stable if: 



% <i+ 


— -L — 

Rb + Re 





t I + 


ft 






R 1 s include resistive elements both internal and external to the transistor. 


Fig. 8 — Stability 


TRANSISTOR 

E v c 


TUBE 


a iff 




y„ 

Fig. 9 — Transistor-electron tube analogy. 


4 0 .) \ , 


for the triode is close to unity for usual conditions. Another difference, of 
less importance, is the fact that the tube quantities analogous to r„ and n, 
are capacitative reactances; their ratio, however, is like the ratio of r„ to n, 
in magnitude. 

One of the first consequences of this transistor-tube analogy is the sugges- 
tion that different transistor connections analogous to the different electron 
triode connections may be interesting. 5 The analogy makes emitter analogous 


« “Vacuum Tube Networks,” F. B. Llewellyn and L. C. Peterson, Proc. I .R.E., March 
1944, page 159, Fig. 13. 

•Loc/dt 
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to cathode, base to grid, and collector to plate; the conventional or grounded 
cathode tube connection is therefore analogous to the grounded emitter 
connection of a transistor, shown on Fig. 10. It is found that when a — 1 
the analogy is fairly close, in that the transistor has comparatively high- 


CIRCUIT 





TUBE ANALOGY -GROUNDED CATHODE 




Equations: 

Circuit determinant: 

Input impedance 
Output impedance 
Operating Gain 


*1 (Rg + ?b 4* f «) + kr t — Vo . 

*i( r « “ r m ) 4* + r t -f r e — r m ) = 0 

A = (R 0 + r b -f r t )(R L 4 ■ r« + r e — r m ) 4- r,(r m - r t ) 
> 0 for stability 


R\\ = Tb 4- r t + 


r t (r m — r g ) 


Rzz = r c + r f - r m + 


Rl + r t + r c — r m 
r t (r m ~ r t ) 


Ra 4" ?b 4- T t 


Gy = 4 RqRl\ 




Backward Operating Gain G R = 4 RqR l 


Typical values: For R a = 500", /? L = 2000(K Then /?„ = 2100", R^ = -6900", G* 
24 d6 , G R = — 19 d6 

Fig. 10 — Synopsis of grounded emitter amplifier. 


input impedance, high-output impedance, and changes signal polarity in 
transmission. When a > 1, as is usual, the analogy becomes less close, and 
feedback effects tend to become large and obnoxious; the open-circuit 
output impedance is usually negative. This behavior is readily under- 
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standable from stability considerations, since the base lead is now one of 
the signal terminals and, as before mentioned, putting resistance in the 
base lead tends toward instability if a is enough greater than unity. The 
effect is so severe that often it is worth while to add resistance in the collector 
lead, thereby reducing a to the neighborhood of unity, and simultaneously 
reducing the amplifier to a state of greater tractability. 

Another feature of the grounded emitter amplifier is that the base re- 
sistance rb is usually negligible, in contrast to its pronounced effect on the 
reverse transmission of the grounded base amplifier. The role of feedback 
element is taken over here by the emitter resistance r e . These considerations 
have important effects on the properties of cascaded amplifiers and will be 
reverted to later. 

For numerical comparison we might work the grounded emitter amplifier 
between the same two terminations as the grounded base amplifier above, 
namely from 500 into 20,000 ohms. It would then have a gain of about 
24 db, an improvement of 7 db over the grounded base, with about the 
same power output and noise figure. This improvement is obtained at 
greater risk of oscillation; in fact the output impedance of this amplifier 
is negative. 

The remaining tube connection — the cathode follower or grounded plate 
— is analogous to the grounded collector connection (Fig. 11); again, when 
a = 1 the analogy is fairly close, in that the transistor has high-input im- 
pedance, low-output impedance; and no change of polarity in transmission. 
In fact when a = 1 the device is usable in very much the same manner as 
the cathode follower. The power output is lower than the other connections 
because the output electrode (the emitter) does not carry much direct 
current. 

However, when we make a greater than 1 the effect is even more pro- 
nounced than it was in the grounded emitter case. As a increases from 1, 
the grounded collector amplifier rapidly loses its resemblance to the cathode 
follower and begins to transmit in both directions as a bilateral element. 
When a = 2, the operating gains in the two directions are the same; and 
for a > 2 the transmission is actually greater in the “backward” direction. 
Another curious feature is that, while the “forward” transmission is still 
without change in signal polarity, the “reverse” transmission inverts the 
signal polarity. 

In any device which is supposed to give gain in both directions, naturally 
stability must be a controlling consideration. This amplifier is of course 
still subject to the aforementioned stability condition (1) and it is found 
that with care one can actually get power gains in both directions of trans- 
mission without instability, i.e. a simple bilateral amplifier is present. One 
numerical example may suffice. Assume a transistor having the properties 
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r 0 = 250 dims, rb = 250 ohms, r c = 20,000 ohms, r m = 40,000 ohms, so 
that a = 2 and both base and emitter resistances r c and rb are negligible. 


CIRCUIT 



TUBE ANALOGY - GROUNDED PLATE 
(CATHODE FOLLOWER) 




Equations: 

Circuit determinant 


Input impedance 


ii(Ro + + r c ) -f H{r c ~~ r m ) — vq 

h r 0 4* h (R l 4- r , 4* r c — r m ) — vl 


A = (Ro 4- T b 4- t c )(Rl 4- r t 4- r 6 — r m ) 4- r c (r m - 
> 0 for stability 


Rn = ^ 4“ *e 4" 


r c (r m ~ r c ) 

Rl 4- r t 4- r c - r m 



Output impedance 


Rn = f* 4" *e — r m 4- 


r e (r m — r e ) 
Ro 4- n 4- r e 


Operating Gain 


Gp = 4 RqRl 


Backward Operating Gain Gr = 4 R 0 Ri 



(1 — o^Gp 


Typical values: 

For R 0 = 20000“, R L = 10000“ 
Then R n = -41000“ 

Rn = -7600“ 

Gp = 15 db 
G r = 13* 


Fig. 1 1 — Synopsis of grounded collector amplifier 


Working between 20, 000-ohm terminations, such an amplifier should have 
6 db power gain in both directions and should still be stable even if one of 
its terminations changes 50% in the unfavorable direction. 
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The grounded emitter connection can also exhibit bilateral properties. 
Recapitulating these three single-stage amplifiers, we see that when a = 1 
their properties are close enough to the analogous electron tube arrange- 
ments to be easily remembered; but that, when u is different from 1, their 
properties begin to diverge from their tube counterparts. Some of these 
circuits will perform in a simple manner functions which are impossible to 
the analogous tube connections, although of course the functions could be 
accomplished by using more tubes or more complicated circuits. 

Frequency Response 

So far the analysis of transistors has been given only for the resistive 
case, appropriate at low frequencies. When the frequency is raised, reactive 
components appear and the situation becomes more complicated, although 
of course still subject to the same general methods of analysis. 

One might expect that since semiconducting diodes work at microwave 
frequencies, so also would semiconducting triodes. hor the Type A transistor, 
this hope is blasted because of the essentially different nature of the mecha- 
nism, involving as it does the physical transport of charge carriers over ap- 
preciable distances. For certain features of the transistor, however, the 
analogy does hold. For example, the emitter by itself is a diode; and, in 
keeping with this fact, its open-circuit impedance does not change much 
with frequency in the range in which we shall be interested, l'or most en- 
gineering purposes the open-circuit input impedance of a Type A transistor 
may be regarded as a resistance independent of frequency. Such deviations 
as occur are small and entirely similar t"o * wh a t take place in an analogous 
diode. 

The same situation holds with respect to the base resistance r b and the 
collector resistance r c , that is, they act as one might expect of a diode. The 
base resistance is substantially constant with frequency; the collector re- 
sistance has associated with it a slight amount of capacitance, mostly due 
to the case, leads, and wiring external to the unit, which gives a variation 
of properties with frequency in high-impedance circuits. The analogous 
capacitance on the emitter side is negligible because of the lower value of 
emitter impedance. One has, therefore, the T of resistors in the equivalent 
circuit substantially constant with frequency. 

The dominant factor governing frequency response of the transistor is 
therefore largely expressed as a variation of the net mutual impedance r,„ or, 
one may say as well, in the factor a which is the ratio of r m to r c . 

Measurements of r,„ as a function of frequency encounter the practical 
difficulty that it is impossible to present to the transistor over a wide fre- 
quency range an impedance high compared to the collector impedance. It 
is, however, quite easy to present to the collector a relatively low impedance 
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(75 ohms), which is constant over the frequency range of interest. Con- 
currently it is relatively simple to present to the emitter a high impedance, 




Fig. 13 — Alpha versus frequency. 

that is, to drive it with a constant current generator. Under these conditions 
the insertion power gain of the transistor is approximately a 2 , where the 
current amplification factor a is the ratio of increment in collector current to 
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increment in emitter current at constant collector voltage. 5 The quantities a 
and a are usually nearly the same. 

An oscilloscopic presentation of a versus frequency is possible and is a 
great convenience since many units can be measured quickly and variation 
with operating point observed directly. The sweep frequency generator 
built for this purpose is diagrammed in Fig. 12. It presents on an oscillo- 
scope the magnitude of a as a function of frequency from 0 to IS megacycles. 
Means are also available for making point-by-point plots which are more 
accurate, though much slower. 



Fig. 14 — Cut-off frequency statistics. 

A set of curves of current amplification factor a versus frequency, as 
obtained with this apparatus, is shown in Fig. 13. The cutoff shape is a little 
sharper than that of a single R-C circuit but less so than that of a pair, one 
of which is shunt-peaked enough to make the combination flat. The ap- 
parent high-frequency asymptote varies in different units from 7 to 11 db 
per octave. 

The phase shift associated with this curve has been found to be related to 
the amplitude in the same way as if the characteristic were that of a “mini- 

8 Actually, a « (ai c /dlt)v 0 is only one of a set of four circuit parameters hjj whose 
relationship to I e and V 0 is the same as that of the Z’s to I, and I c , and which furnish an 
alternative circuit representation of the transistor. The other three h’s can be measured 
in a similar manner but are of less interest. 
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mum phase” passive circuit. 6 Accordingly the phase shift, like the amplitude 
variation, is also intermediate between a single R-C interstage and the flat 
compensated pair of interstages. 

When variations between curve shapes are not too large, the shape can be 
characterized by a single parameter which we take as the cutoff frequency 
f c . Cutoff is defined as the frequency where the magnitude of a 2 is halved. 
Some statistical data on cutoff frequency of different units made of N-type 
and P-type germanium are plotted in Fig. 14. The P-material is somewhat 



Fig. 15 — Cut-off frequency versus collector voltage. 

better, in keeping with the fact that the active charge carriers producing 
the transistor effect in it are electrons having greater mobility than the holes 
which are active in N-type germanium. 

As one changes the operating point of the transistor the frequency re- 
sponse curve changes in such a way that the shape remains sensibly constant 
on a logarithmic frequency scale, but the scale changes. The cutoff frequency 
is usually roughly proportional to the collector voltage, with only minor 
dependence on the other operating parameter, as shown in Fig. 15 unit AS62. 

6 “Network Analysis and Feedback Amplifier Design,” H. W. Bode, D. Van Nostrand 
Publishing Co., 1945. 
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Other types of variations of cutoff frequency with collector voltage are 
exhibited by some transistors. 

That frequency cutoff is affected by the spacing between points of the 
transistor is shown in Fig. 16, which gives some support to the idea that 
the cutoff frequency might vary inversely as point spacing, other things 
being equal. However, one has only to look at the graph to see that other 
things are not equal for, at any given point spacing, the cutoff frequencies 
of different units vary by almost an order of magnitude. It is, however, clear 
that point spacing is one of the important factors. 

In recapitulation of the measurements of frequency behavior, it appears 
possible to build Type A transistors with frequency cutoffs well above 10 
megacycles. At the present time, the factors determining the frequency 
behavior are not yet under good control. 

Cascade Amplifiers 

Many cascading possibilities exist, since any connection of the transistor 
might be used in combination with other connections, as well as involving 
all the parameter variations which might be made on each single stage. 
Some of the more elementary possibilities will be mentioned. Since feedback 
in each unit greatly complicates the situation, the essential features of the 
amplifiers may become clearer by discusing an idealized case where feedback 
is absent or greatly reduced. For similar reasons, the preliminary discussion 
is confined to frequencies low enough so that the equivalent circuits are 
purely resistive. 

Perhaps the most straightforward cascade amplifier is the iterated 
grounded-base cascade, outlined in Fig. 17. Neglecting feedback, the in- 
sertion power gain is nearly equal to the current amplification factor a 
squared. For the Type A transistor this amounts to some 5 db per stage. 
For most uses this could be regarded as unpractically low, but it might be 
pointed out that the tube analog (grounded grid cascade) is even worse; 
for when a = 1 the maximum insertion gain is 0 db per stage. Both am- 
plifiers of course can be made practical by interstage transformers (Fig. 18). 
For the Type A transistor, the matched gain without feedback rises to about 
15 db per stage, which still compares favorably in magnitude with most 
grounded-grid tubes. 

When feedback is considered by allowing n> to return to its usual value 
of a few hundred ohms, the question of stability becomes important. The 
nominal Type A transistor is still stable when the cascade interstages are 
matched, the gain rising to about 21 db per stage. For many units having 
more than the usual amount of feedback, the interstages cannot be matched 
without violating the stability condition and therefore encountering os- 
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dilations; but one can normally count on stable gains of 15 to 20 db per 
stage, the transformers being perhaps somewhat mismatched. 

Interesting possibilities for a good cascade amplifier with more gain than 
the grounded base cascade are offered by the grounded emitter connection. 
Incidentally, this gain advantage is also enjoyed by the grounded cathode 
or conventional tube connection, so that one would expect it to apply here 
from the electron tube analogy; but in transistors the feature that a may be 
greater than 1 brings in complications having no simple analogy for tubes. 


CIRCUIT 



EQUIVALENT CIRCUIT -EACH STAGE 



Without feed back (£ft l2 = 0) : 

Iterative impedance R 0 = (Rn , r l = £Ru 
Circuit determinant A = (Qbi 4- din) 2 

Insertion Power Gain Gj = 

(l 4- 9in/9ta) 

Nominal Type A Gain = S db 

Fig. 17 — Synopsis of grounded base cascade. 

The iterated grounded emitter cascade without feedback (that is, emitter 
resistance r 0 = 0) is unstable for the nominal Type A transistor, but can be 
stabilized in many ways of which we shall mention only one. The equivalent 
circuit of Fig. 19 shows an added resistor which may be thought of as ad- 
justing the value of the collector resistance, and tends to make the unit 
more stable. When this resistor is adjusted to make the total collector 
resistance R c about equal to the net mutual resistance r m , thus reducing 
the effective value of a to the neighborhood of unity, then the cascade am- 
plifier becomes stable, its gain being sensitive to the exact value chosen for 
the adjusting resistor. A numerical calculation for the grounded emitter 


- R n » 
£Rii 4- 
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amplifier using the nominal Type A transistor adjusted in this way gives 
the following results: 

Assuming an adjusted value of collector resistance of 36000 ohms to be 
satisfactory for stability, then the iterative input impedance is 2300 ohms, 
output impedance 4000 ohms, and insertion gain about 21 db per stage with- 
out transformers. Three-stage stable amplifiers having power gains of about 
55 db have been operated. 



EQUIVALENT CIRCUIT -EACH STAGE 



Without feed back (jJtu = 0): 

Iterative impedance Rg = Rl = £Rji 

Circuit determinant A = (£Ru + £Rr/V*) 2 



Insertion Power Gain Gi = l gj u + 


Maximum when = f 


r _ _1 A* 

" 4&„tf 22 ~4 a 


Nominal Type A Gain: without feed back = 15 Jb 
with Sii 2 normal = 17 Jb 

Fig. 18 — Synopsis of grounded base cascade with transformers. 

Another interesting feature of the grounded emitter amplifier is the ease 
with which negative feedback may be applied to it. A resistor inserted in 
the emitter lead gives local negative feedback analogous to the cathode 
feedback of tubes, while feedback involving several stages is also obtainable 
by common-lead methods analogous to common-cathode resistors familiar 
in the tube art. By such means, as is well known, distortion instability or 
gain variation may be reduced, or power output increased. 

Theoretical study of these and other iterative amplifiers, particularly at 
higher frequencies, is conveniently carried on with the aid of the formulas 
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of Figs. 20 and 21 which give some of the iterative properties of a general 
fourpole and the effect thereon of an interstage matching transformer. 

The iterative method of course does not exhaust the possibilities of cas- 
cade amplifiers. They can also be designed stage by stage. Even when feed- 
back is large they can be cascaded together in the manner used for filter 
sections. A particular design of this sort is shown in Fig. 22. It is a grounded 



Equations: 


ii(Ro + fb T r t ) + T ( = vo 

ii{r t — r m ) + h{Ri + r, -f i? c “ r m ) = 0 


Circuit determinant A = ( Rq + n + r t )(R L -f- r t + R e — r m ) 
- r f (r f - r m ) 

> 0 for stability 


Without feed back (r t = 0) 


Iterative impedance Rg — Rc — r m , Rl = ?b 
Circuit determinant A = (rt + R c — r m ) 2 


Insertion Power Gain Gi 


J — ^ — V 

\Tb + Re — I'm/ 


Nominal Type A Gain with R e = 36000 J 
without feed back 23 ,<6 

with r t normal 2\ db 

Fig. 19 — Synopsis of grounded emitter cascade. 


base stage followed by a grounded collector and accordingly has the tube 
analog grounded-grid, cathode follower, from which one would expect that 
the terminating impedances would be low and the interstage impedance 
high. This amplifier matched a 600-ohm line to better than 10% and had 16 
db insertion gain, with a bandwidth of about a megacycle. An adaptation 
for video purposes was made to obtain over a band from 100 cycles to 3.5 
megacycles, an insertion gain of 20 db in a 75-ohm coaxial line. 


53 



EQUIVALENT CIRCUIT 



Equations: *i(?n + Z 22 ) + ifin = vg 

*1?21 4" 22(?22 4“ Z\\) — 0 


Terminations: Z n = Z L = -% + iCSn + ?22)(l 4 - V 1 — y ) 

Zn = Zg = — ?u + i(?n 4~ ? 22 )(l 4- Vl — y) 
y — 4?i2?2l/(?ll 4" ?22) 2 


Circuit determinant A = J(?n -f ? 22 ) 2 (l — y 4* Vl — y) 

?•>) 2 2 

Insertion Power Gain Gi — - — , - 

0 n 4" 022 1 4* v 1 — y 

Fig. 20 — Synopsis of iterated cascade of four-poles. 


CIRCUIT 



Equations: ii(?u 4~ Zq) 4" = i'g 

4- * 2 '^— ^ = ^ 

Fig. 21 — Four-pole with ideal transformer. 
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The foregoing amplifiers both have rather low output powers because of 
the fact that the emitter, a low-current electrode, is the output electrode. 
A way of improving this situation has been suggested in the second amplifier 
schematic shown in Fig. 22. The first stage is a grounded emitter and the 
second a grounded collector transistor, the latter operating in what we have 
called the “backward” direction so that the output electrode is the base and 
the power level is improved. This amplifier can be stabilized by negative 
feedback obtainable by inserting a resistor in the first stage emitter lead. 

These examples emphasize that one can cascade unlike stages and that 
feedback can be used to stabilize performance, just as with electron tubes. 
These amplifiers can be further cascaded to obtain more gain. Other pos- 
sibilities worthy of mention include modifying the design of the first stage 




Fig. 22 — Non-iterative cascade amplifiers. 

of an iterative amplifier to obtain good noise figure, or of the last stage 
for greater power output. 

Band Pass Amplifiers 

Bandpass amplifiers require a few remarks before concluding the small- 
signal discussion. The design within the band may be carried out by the 
methods previously discussed; but frequently attention must also be paid 
to properties outside the band, to an extent unusual with tubes. The reason, 
of course, is connected with that Dr. Jekyll and Mr. Hyde of transistors, 
a (or a) greater than 1. When a transistor may be short-circuit unstable, 
then oscillations may result from the practise usual with electron tube 
amplifiers of letting the impedances outside the band fall to low values. For 
the same reason design of power leads requires more care than usual. The 
problems encountered are somewhat similar to those of tube amplifiers 
with feedback in that one must pay attention to characteristics far outside 
the useful band. In the case of transistors, one may have to exercise design 
care to avoid oscillations even when the gain of the amplifier, is less than 
unity. 

Large Signal Analysis 

Large signals are those which involve considerable excursions over the 
electrical characteristics of the device and cannot be regarded as small 
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changes near an assumed operating point. For their general study a most 
convenient tool is provided by the set of static characteristics of the unit. 

Since most analyses begin with the static characteristics, perhaps some 
excuse is needed for the unorthodox approach which has delayed them to 
this point. Two reasons may be cited: First, the small-signal behavior is in 
a sense simpler, being capable of discussion by the familiar linear methods 
of circuit theory. Second, the small-signal behavior has brought out some 
features, notably short-circuit instability, which have a bearing on certain 
features of the static characteristics, on the methods of measuring them, 
and on the particular manner of expressing them. 

A set of characteristics representative of Type A transistor performance 
is shown in Fig. 23, consisting of four plots, one of each of the electrode 
voltages against each of the currents with the other current as parameter. 
Contrary to electron tube practise, rather than the voltages we take the 
currents as the independent variables. This choice avoids the experimental 
difficulty that the short-circuit unstable transistors might oscillate if we 
were to attempt to hold the electrode voltages constant, as well as the con- 
comitant analytical trouble that in that case the voltage-dependent char- 
acteristics become double-valued. 

The relationship of these characteristics to the open-circuit impedances 
is direct and quickly shown. Suppose the voltages are expressed formally 
as functions of the currents: 


Ve = fi (Ie, Ic) (2) 

Vc = f 2 (Ie, Ic) 


Differentiating, and identifying the differentials as small-signal variables, 
we get immediately the equations for the open-circuit resistances: 


• dfi , • dfi 

v ' - '°aTc 

. af 2 . . dh 

Vc=1 ‘W' + 1 °Wc 


(3) 


Accordingly, the open-circuit resistances are the slopes of these static 
characteristics. The reactive components do not appear because our as- 
sumptions (2) were not sufficiently general to take them into account or, 
in other words, the reactive information is not contained in the static char- 
acteristics. 

Just as there are five other pairs of small signal parameters which could 
have been chosen, so there are five other ways in which the static character- 
istics could have been expressed. Often these other ways are convenient 
for special purposes or are closely connected with particular large signal 
circuits. 
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- 0.5 0 0.5 1.0 1.5 2.0 

l e IN MILUAMPERES 


-3 - 2-1 0 1 

I c IN MILUAMPERES 


Fig. 23 — Static characteristics. 


Measurement of the characteristics can be by conventional point-by-point 
plots or by oscilloscope presentation. An oscilloscopic curve tracer has been 
built which can show any of the four characteristics for any of the six pairs 
of independent parameters of the Type A transistor, as well as any two-pole 
characteristic which might be of interest (such as a negative resistance 
characteristic). 

Occasionally the static characteristics are affected by effects of a thermal 
nature such that an oscilloscope trace does not give the same results as a 
slow point-by-point plot. These thermal effects are small in the usual region 
of operation of the Type A transistor but may become appreciable if the 
unit is heated by excessive power dissipation in it. 

Power Output and Distortion 

The problem of obtaining good “undistorted” power output from a tran- 
sistor at low frequencies is one which is conveniently discussed by means 
of the static characteristics. Analytically this question belongs to the class of 
slightly non-linear problems but, for descriptive purposes, it is illustrated 
by the curves of Fig. 24. The family of collector characteristics of a Type A 
transistor is shown. The region of linear operation is substantially that part 
of the plot where the curves are uniformly spaced, have constant slope, and 
lie within the permitted power dissipation of the unit. 

In driving a Type A transistor harder and harder in an attempt to get 
greater power output, one may encounter four types of overload distortion, 
analogous to the types found in tubes. 

1. One may drive the emitter negative into the cutoff region where the 
collector current fails to respond to changes in emitter potential, correspond- 
ing to grid cut-off in a tube. 

2. One may drive the emitter positive into an emitter overload region 
where non-linear distortion may be encountered because the emitter im- 
pedance changes with its voltage. The corresponding tube phenomenon is 
positive grid distortion. For both tubes and transistors this effect is a minor 
one which may be actually beneficial in practical cases. 

3. The collector may be driven down to low potential where it can no 
longer draw the current required to follow the impressed emitter current 
variations. This distortion corresponds to plate “bottoming” in electron 
tubes. 

4. The collector may be driven up to high currents where it overloads 
because of the non-linear voltage response in that region arising from heating 
effects. This effect has practical consequences something like the overloading 
of electron tubes which may arise from insufficient cathode emission. 

In other words, either emitter or collector may be driven into overload 
or cut-off and the problem of getting good power output reduces to choosing 
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an operating point and load impedance such as to avoid these non-linear 
effects as long as possible. Reverting to Fig. 24, since one wants as large a 
product of AV-AI as possible, the problem may be thought of in geometrical 
terms as approximately that of constructing the largest possible rectangle 
such that a load line extending diagonally across the corners of this rectangle 

COLLECTOR CURRENT, I c , IN MILLIAMPERES 



lies within the “linear” region of operation. The slope of this line gives the 
load impedance required, its intercept the collector supply voltage (for 
resistance coupling), and the sides of the rectangle give the extreme values 
of voltage and current. The center of the rectangle is approximately the 
quiescent or small-signal operating point. 

Under optimum conditions of load impedance and operating point, 
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one obtains power efficiencies comparable to Class A electron tube operation, 
that is, 20 to 35% efficiency with a few percent harmonic distortion. As 
contrasted to recommendations for good low-level gain for the Type A 
transistor, the optimum conditions for power output have usually involved 
lower load impedances and higher currents. Representative values may be: 
load impedance, 5000 ohms; collector current, —8 milliamperes at —35 
volts bias; emitter current, 3 milliamperes; power output, 60 milliwatts, 
with distortion less than ten percent. 

One complication of the power transistor is that, when the optimum load 
impedance is low, the operating point gets nearer to the region where the 
transistor may tend to oscillate if it happens to be one of the kind which 
is short-circuit unstable. A saving circumstance here is available in that 



Fig. 25 — Some power transistors. 

added resistance in the emitter lead tends to promote stability, so that the 
transistor may be stabilized by operating out of a higher generator im- 
pedance, possibly at some cost in reduced gain. A corollary aspect of the 
same phenomenon is that the input impedance of a high-power transistor 
may become very low or even negative. 

Higher power output from the transistor can also be obtained by in- 
creasing the permissible collector dissipation. This has been accomplished 
by using a thin wafer of germanium directly soldered to a copper base 
equipped with suitable fins to facilitate the removal of heat generated in 
the vicinity of the collector point. An increase in allowable dissipation from 
200 to 600 milliwatts has been thereby obtained. Output powers of ap- 
proximately 200 milliwatts at a conversion efficiency of 33% have been 
realized. 

The photograph of Fig. 25 shows on the left the type A transistor, in 
the center the power version of this unit, and on the right is shown a double 
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ended type of power transistor using two germanium wafers with a common 
radiator for push-pull applications. 

Other Large-Signal Applications 

The static characteristics can be used for calculations of many larger 
signal circuits of which only a few examples can be given here. The first is a 
tickler feedback oscillator of Fig. 26, which uses the grounded-base circuit 
with a resonant circuit in the collector lead, transformer-coupled back to 
the emitter. 

Other circuits making use of the special possibilities of the transisto- 
include an oscillator with anti-resonant circuit in the base lead, or with a 



Fig. 26— Transistor oscillators. 

series resonant circuit from collector to emitter. Some of these circuits make 
use of the short-circuit instability peculiar to the transistor and accordingly 
would not work with electron tubes. 

Noise 

A discussion of small-signal amplifiers would be incomplete without 
some mention of the limiting factor of noise. The noise has been left to 
the last, however, because its discussion complicates the circuits slightly 
and perhaps because it is not well to present too early an aspect of per- 
formance which is at the moment so much inferior to electron tubes. 

On the circuit representation of noise as well as signal much work has 
been done by L. C. Peterson. 7 It turns out that in the general four-terminal 
network in which we are interested, a complete noise representation for 

7 “Signal and Noise in Microwave Tetrode,” Proc. I.R.E . , Nov. 1947, pp. 1264-1 272 
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circuit purposes may be obtained by adding two noise generators to the 
equivalent circuit of four signal parameters, as shown in Fig. 27. 

These noise representations are on an entirely similar basis to the signal 
representations. Just as four elements in any independent configuration 
suffice for signal description, so two noise generators in either series or 
shunt in any convenient independent locations can be added to account 
for the noise. All these representations give the same signal and noise be- 
havior for any external connections. Still, some may be better than others 
in corresponding to the actual physics of the transistor; presumably the 



Equations: i\{Za -f* ?u) + fc&i — vq © Ni 
+ %t) = (B Nt 

Circled ® signs indicate addition with attention to any correlations which may exist 
between noise generators or mean square additions if no correlation exists. 

i r_ _/?u-k 

Noise Figure F = 1 M 

Fig. 27 — Synopsis of general four-pole, including noise. 



better representations will show particularly simple behavior, for example, 
in their dependence upon the d-c operating point of the transistor. The 
usual choice puts noise voltage generators in series with the emitter and 
collector leads, as shown. 

If the two noise generators were truly independent physical sources 
of noise, their outputs would be expected to show no correlation and their 
ooise power contributions would be simply additive. This independence is 
not usually the case for the Type A transistor. By adding the noise outputs 
and comparing the power in the sum to that in the separate components, 
correlation coefficients ranging from — .8 to + .4 have been found. From this 
the conclusion can be drawn that the physical sources of noise in the network 
do not act in series with the leads but at least to some extent arise elsewhere 
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in the transistor and contribute correlated noise output to both the genera- 
tors of the circuit representation. 

The transistor noise is of two types. One is a rushing sound somewhat 
similar qualitatively to thermal resistance noise; the other is a frying or 
rough sound which occurs erratically, usually in the noisier units. The noise 



power per unit bandwidth varies almost exactly inversely with frequency 
as shown in Fig. 28, being in this respect reminiscent of contact noise. 

Since the noise dependence on frequency is known, its level may be given 
as noise voltage per unit bandwidth at a reference frequency (1000 cycles). 
The collector noise usually dominates as far as practical effects on the output 
are concerned. Representative values are about 100 microvolts per cycle 
at 1000 cycles for the collector, and one or tw r o microvolts for the emitter. 
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The noise voltages depend mainly on the collector direct voltage as 
shown in Fig. 29. While they do vary with the other operating parameter 
at constant collector voltage, such variations rarely exceed 10 db, which 
is much less than the variations with collector voltage. 

More important than the actual level of the noise is its relation to thermal 
resistance noise, which is the ultimate limit to amplification. This relation- 
ship is conveniently expressed by means of the noise figure, or number of 
times noisier than amplified thermal noise in the output of the amplifier. 



Fig. 29 — Transistor noise versus operating point. 


A representative noise figure for the- Type A transistor at 1000 cycles is 
60 db, with individual units ranging from 50 to 70 db. 

Noise figure formulas for the three single-stage connections are given 
in Fig. 30. The noise performance of the three connections would usually 
not be very different if it were not for stability considerations, which may 
render unusable the generator impedance which would give optimum per- 
formance. Mainly, on account of stability, the grounded base connection 
may be said to give the best noise performance, with the grounded emitter 
running a close second. 

The noise figure of any device depends upon the generator impedance 
out of which it works but does not depend upon the load. Accordingly, 
there exists an optimum generator impedance which gives the best noise 
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Equivalent Circuit 


Grounded Base 

1 r 

F = 1 H 

4 kTBR 0 [ 

Grounded Emitter 

7 ” = 1 + AkTBR Cj 
Grounded Collector 

Forward F = 1 H 

Backward F = 1 



AAA/ — T-^WV-rOr-O- 5 

l <f c n = 





Fig. 30 — Noise figure formulas. 
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figure of which the unit is capable. This optimum source impedance is 
best for signal-to-noise performance, not for signal performance alone; 
hence, as is well known for vacuum tubes, it is usually not a match for 
the unit, and in general both the resistive and reactive components of 
impedance may be mismatched to the unit. 

For the transistor at low frequencies in the grounded-base connection, 
reactive effects are negligible and the emitter noise generator may usually 
be neglected. Under these conditions the optimum noise figure is obtained 
from a generator of impedance equal to the open-circuit input resistance 
of the transistor (not the actual working input resistance, which may be 
quite different). 

The best operating point for low noise is usually obtained at a moderate 
collector voltage (20 volts) and a small emitter current (0.5 ma.). 

Summary 

A tentative evaluation of the Type A transistor may be made on the 
basis of presently available information. Before making it, we should say 
that a comparison with the field of electron tubes is obviously unfair — 
there are many against one, and a little one at that. Furthermore the little 
one is a baby not only in size but in length of time under development. 
It is only natural that the full possibilities are not yet apparent. With 
these reservations, we can make the following statements about the present 
Type A transistor: 

Gain: the transistor figure of about 17 db per stage is somewhat low 
compared to 30 or 40 db obtainable from audio tubes. When the band- 
width is taken into consideration the gain-band product of the transistor 
is good but, since the excess bandwidth cannot be exchanged for gain, 
this number is in this case illusory for narrow-band amplifiers. For video 
amplifiers the comparison is more favorable. 

Stability considerations differ from the electron tube in such a way 
as to be likely to give more trouble at low frequencies. At video frequencies 
this difference is less marked if we play fair by comparing with a triode 
tube instead of a pentode. The latter is of course better shielded than the 
transistor. 

Frequency response appears to be practical up to 10 megacycles or more. 

Power output efficiency of around 30%, Class A, seems fully comparable 
to an electron tube, so that a comparison between the two can be based 
on input d-c power. 

Noise figure of 60 db at 1000 cycles is much worse than that of a good 
electron tube, which can come close to 0 db. In view of the frequency de- 
pendence which brings the transistor noise figure down to 30 db at a mega- 
cycle, the comparison at video frequencies is less unfavorable, particularly 
if some developmental improvement can be made. 
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So far on most counts the comparison is not too favorable but, as we said 
before, it isn’t fair to the baby. In addition there are a number of other 
considerations which are secondary from the point of view of pure technique 
but may be dominant from other points of view. Among favorable factors 
here are: small size; low power drain; no standby power, but instant re- 
sponse when needed; low heating effect when used in large numbers; and 
ruggedness. 

The life of transistors should be fairly long on the basis of diode per- 
formance, but the device is too new to permit definite statement. The 
mechanical simplicity might well lead one to hope for low cost, but no 
production figures are as yet available. 

In fine, even if Type A transistor performance does not excel all electron 
tubes, it is still good enough for many applications and will be considerably 
better in the future. 


Acknowledgement 

This survey is based on the work of many people, only a few of whom 
have been mentioned in the text. The examples of circuits have not been 
numerous or exhaustive, but rather have been used to illustrate the methods • 
adopted; these are general enough to be adapted to the solution of many 
particular problems. 


66 


Theory of Transient Phenomena in the Transport of Holes 
in an Excess Semiconductor 


By CONYERS HERRING 

An analysis is given of the transient behavior of the density of holes nh in an 
excess semiconductor as a function of time / and of position * with respect to the 
electrode from which they are being injected. When the geometry is one-dimen- 
sional, an exact solution for the function »*(*, /) can be constructed, provided 
certain simplifying assumptions are fulfilled, of winch the most important are that 
there be no appreciable trapping of holes or electrons and that diffusion be negligi- 
ble. An attempt is made to estimate the ran^e of conditions over which the 
neglect of diffusion will be justified. A few applications of the theory to possible 
experiments are discussed. 


A variety of experiments have been performed, and others are planned, 
which involve measurement of transient or steady-state phenomena due to 
the drift of positive holes along a specimen of w-type semiconductor after 
they have been introduced at an injection electrode or emitter. 1 These phe- 
nomena are presumably a result of the interplay of drift, space-charge, re- 
combination, and diffusion effects. This paper seeks to relate these effects to 
the phenomena, and its principal contribution is an explicit calculation of the 
transient phenomena outside the range of small-signal theory, for cases 
where the geometry is one-dimensional and where certain simplifying as- 
sumptions, notably the neglect of diffusion, are justified. Removal of some 
of these simplifying assumptions and a more careful development of the 
theory will be necessary in certain applications. 

Section 1 discusses the physical assumptions and boundary conditions 
involved in setting the problem up. Section 2 contains calculations of the 
distribution of holes along the length of the semiconductor at various times, 
for the mathematically simplest case where recombination and diffusion are 
ignored and all currents are held constant after the start of the injection. 
This simple case illustrates the method of attack to be used in the more 
general calculations of Section 4, and it is hoped that this sketching of basic 
ideas will enable the hasty reader to pass on to Section 6 without going 


1 Experiments of this sort have been undertaken with the objective of testing and 
extending the theoretical interpretation of transistor action proposed by J. Bardeen and 
W. H. Brattain, Phys. Rev ., 75 , 1208 (1949), especially as regards the role of volume 
transport of holes, a role first suggested by J. N. Shive, Phys. Rev., 75, 689 (1949). Ex- 
amples of the type of experiment discussed in the present paper have been described by: 
T R. Haynes and W. Shockley, Phys. Rev . , 75 , 691 (1949) (transient effects) : W. Shockley, 
G. L. Pearson, M. Sparks and W. H. Brattain, in a paper presented at the Cambridge 
Meeting of the American Physical Society, June 16-18, 1949 (steady-state transport); 
W. Shockley, G. L. Pearson, and J. R. Haynes, Bell Sys. Tech. Jour., this issue (steady- 
state and transient effects). 
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through the mathematical details of Sections 3, 4, and 5. Section 3 contains 
the complete differential equations of the problem, including diffusion and 
recombination, and Section 4 gives the solution when only the diffusion 
terms arc neglected. Section 5 contains some order-of-magnitude estimates 
regarding diffusion effects. Section 6 summarizes the capabilities of the 
theory so far developed, presents some obvious generalizations, and dis- 
cusses an interesting shock wave phenomenon which occurs whenever the 
injected hole current is quickly decreased. 

1. Basic Assumptions and Boundary Conditions 

Consider the w-type semiconducting specimen shown in Fig. 1, having 
electrodes at its two ends, x = — a and a* = b , respectively, and an injection 
electrode system at x = 0 somewhere in between. Let a current of density^ 
per unit area enter at the left-hand end, and let a current of density j e be 
injected at x = 0. To make the problem strictly one-dimensional, it will be 
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Fig. 1 — Idealized experiment on hole transport in one dimension. 


supposed that this injection takes place uniformly over the plane cross- 
section of the specimen at x = 0, instead of taking place at isolated points 
of the surface, as is usually the case in experiments. This idealization will 
presumably be justilied if the thickness of the specimen is small compared 
with lengths in the ^-direction which are significant in the experiment and 
if the injected positive holes are able to spread themselves uniformly over 
the cross-section before appreciable recombination has taken place. 

Unless otherwise stated, it will be supposed that j e consists entirely of 
positive holes, i.e., that the number of electrons withdrawn from the speci- 
men by the electrode at x = 0 is negligible compared with the number of 
holes injected. The currents^ and;* need not be constant in time, although 
most of the analysis to be given below will assume them constant after the 
time of initiation oij e . 

One can set up differential equations for the variation with x and time 
of the electron density, n e , and the hole density, tih . These equations will in 
the general case involve migration due to electrostatic fields, diffusion, re- 
combination, trapping, and thermal release of electrons and holes from 
traps. It will be assumed, however, that trapping and thermal release from 
traps can be neglected, or, more precisely stated, that creation of mobile 
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holes and electrons occurs only at the electrodes, and that the disappearance 
of mobile holes and electrons is caused only by mechanisms which cause 
holes and electrons to disappear in equal numbers at essentially the same 
time and place. If this assumption is valid, the charge density due to im- 
purity centers will never differ from its equilibrium value by an amount 
comparable with the density due to free electrons. This assumption can be 
expected to be reasonably good for an w-type impurity semiconductor in 
which the number of donor levels is very much greater than the number of 
acceptor levels and for which, at the operating temperature, practically all 
the donor levels have been thermally ionized, while thermal excitation of 
electrons from the normally full band has not yet become appreciable. 

As has just been mentioned, the differential equations for the behavior 
of the electron and hole densities involve migration under the influence of 
the local electric field E(x , /). This field is in turn influenced by the space 
charge due to any inequality between the hole density nn and the electron 
excess ( n e — w 0 ), where n 0 is the normal electron density. If the difference 
(tth — n e + w 0 ) were comparable with tin or n 0 , the problem would be very 
complicated. Fortunately, however, this difference cannot have an appreci- 
able value over an appreciable range of x y on the scale of typical experiments. 
For example, if (tin — n e + no) were 10“ 2 of n 0 for a range Ax of 1 /li, and if 
n 0 is 10 16 cm r 3 , then the difference in field strength on the two sides of Ax 
would be about 2000v/cm, a field which would outweigh all other fields in 
the problem and rapidly neutralize the space charge. Moreover, the time 
required for the evening out of any such abnormally high space charge would 
be very short, of the order of magnitude of the resistivity of the specimen 
expressed in absolute electrostatic units (1 sec. = 9 X 10 u 12 cm). Thus it 
will be quite legitimate to assume (nn — n e + no) = 0 in all equations of 
the problem except Poisson’s equation which determines the field E , and 
so n e can be eliminated from the conduction-diffusion equations for holes 
and electrons. These two equations can then be used, as is shown below, to 
determine the two unknown functions tin and E y Poisson’s equation being 
discarded as unnecessary. 

The boundary conditions for these differential equations consist of two 
parts, the conditions at l = 0 and those at and to the left of x = 0. In most 
of the applications to be considered, the injection current will be assumed 
to commence at / = 0. Thus, initially, the specimen will be free of holes and, 
at l = 0 + , will have a field E a = j a /a o in the region — a < x < 0, and a 
field Eo = jb/v o in the region 0 < x < b y where <ro is the normal conductivity 
of the specimen and jb = j a + j« is the total current density to the right 
of x = 0. The boundary condition at x = 0 is determined by the magnitudes 
of the electronic and hole contributions to the injection current j t . If no 
electrons are withdrawn by the electrode at x = 0, then the electron cur- 
rents just to the left and just to the right of a* = 0 must be equal, and the 
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hole current densities on the two sides must differ by j e ; if a part of j t is 
due to withdrawal of electrons, then the electronic current will have a cor- 
responding discontinuity. If j a is positive, i.e., flows from left to right in the 
specimen, the current can be assumed to be practically entirely electronic 
over most of the range from —a to 0; i.e., as x becomes negative the hole 
current must rapidly approach zero and the electron current must rapidly 
approach j a . In fact, if diffusion is ignored the electron and hole currents 
must have these limiting values for any negative x. 

The preceding discussion and the mathematics to follow have been 
couched in purely one-dimensional language, i.e., have been formulated as if 
the electron and hole densities were functions of .%* alone, independent of y 
and 2, and as if the semiconductor extended to infinity in the y- and 2-direc- 
tions. However, it is easy to see at each stage that practically the same 
equations can be written for transport of holes along a narrow filament whose 
thickness is small compared with the linear scale of the phenomena along its 
length, even when the density of holes is not uniform over the cross-section 
of the filament. If the density of holes is uniform over the cross-section, all 
the equations will of course hold as written. However, recent work 1 has 
suggested that holes recombine with electrons so rapidly at the surface that 
the density of holes may be much smaller near the surface than in the center 
of the cross-section. In such case all the equations of this memorandum must 
be interpreted as applying to the mean value, ^(x), of the density of holes, 
u^x, y, 2), averaged over the cross-section of the filament; also, the rate of 
recombination of holes and electrons must be set equal to some function of 
ny x , as yet not reliably known, instead of to a constant times the product of 
electron and hole densities. This will of course alter most of the quantitative 
predictions of Section 4, but will not require an£ change in the method of 
calculation. 


2. Formulation and Solution of the Problem with Neglect of 
Diffusion and Recombination 

For this case the electron and hole currents can each be equated to the 
product of field strength E by particle density n by mobility /x, and the 
continuity equations are 


dnn 

dt 


-j- ( EnhU h ) 

dx 


( 1 ) 


dn e 

Jt 


~ (En e n e ). 
dx 


( 2 ) 


2 H. Suhl and W. Shockley, paper Qll presented at the Washington Meeting of the 
American Physical Society, April 29, 1949; see also Shockley, Pearson, Sparks and Brat- 
tain, reference 1. 
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Since the neutrality condition requires^ 1 = subtracting (1) and (2) and 

at at 

integrating gives the equation of conservation of total current: 


E(fx e n e + nhiih) = j(t)/e = const, indep. of x 

where of course j = jb = (j a + j e ) when 0 < x < b and when conditions 
are such that all currents flow from left to right. Putting the neutrality con- 
dition n e = 7i h + ;/o , into the equation gives the following relation between 
E and )ih : 

E[(ne + Hh)tlh + Hetlo] = j/e (3) 


This can be used to eliminate either E or tih from (1). If E is eliminated 
we have 


dn h _ PePhthj d/// t _ _ y, s dun /.n 

dt e[(ne + Vh)nh + o] 2 dx h dx 

where F(/ja) is an abbreviation for the coefficient shown. If, instead, ///» is 
eliminated from (1) a similar equation results: 

^ = -V(E)^. (5) 

dt j dt ax 

where 

V(E) = e£W.»o/i = E^(E/Eo) (6) 

where 

Eo = j/a o (7) 

i.e., the field necessary to maintain the total current by electronic conduction 
in the normal state of the specimen. The velocity V{E) is of course numeri- 
cally the same as the V(n h ) occurring in (4) when E and n h are related 
by (3). 

The solution can be based on either (4) or (5). We shall use (4), as n h 
is the most interesting quantity for direct measurement, and as the differen- 
tial equation to be given below for the case where diffusion terms are in- 
cluded is simpler when >ik is chosen as the dependent variable. 

Equation (4) (or (5)) describes a wave propagated with the variable 
velocity V. If j, « j a , so that E is never greatly different from £ 0 , 
(4) (or (5)) and (6) indicate that ;/* (or E) is propagated with the constant 
velocity E 0 Hk , as is of course to be expected. More interesting is the case 
where j„ and j a are comparable, so that V departs significantly from con- 
stancy. It is tempting to suppose that, for this case also, the curve of »/, 
against x at any time l can be constructed by taking the graph of »/, against 
x at / = 0 and moving each point of the curve horizontally to the right a 
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distance F(;^)/. One can, in fact, easily verify that this construction gives a 
solution of (4), by writing (4) in the form 



whence it is obvious that the function tih(x, l) defined implicitly by 
x(n h , t) = x(n h , 0) + V(n h )t 

satisfies (4) for any form of the arbitrary function .r (tin , 0), and that, con- 
versely, any solution of (4) must be of this form. 

Assuming, as in the preceding, that all currents flow from left to right, 
the boundary conditions at / = 0 + are: 

tih = 0 for x < 0 and x > 0 (8) 

or, equivalently, 

E =•£„ = j a /(7 o for x < 0 

E = Eo = (j a + je)/<r 0 for x > 0 

The boundary conditions at * = 0 are, for / > 0, 

n h = 0 or, equivalently, E = E a for £ = 0~ (10) 

and 

nn = tiM or, equivalently, E = Ei , for x — 0 + (11) 

where Ei and nm are given by the requirement of continuity of electronic 
current, i.e., 

E^alloHe = Ei(Uq + Uhl)Vt 



whence, using the relation (3) between E\ and tihi and expressing E a as 

ja/ iioen* 


or, alternatively, 


n h i = 


no 

jal^h j 

jc P-c 



(Pe + MO je 

Vh (ja + je) J 


( 12 ) 


(13) 


According to (12), n h \ is small when j e is small; and, by (13), E\ is only 
slightly below E 0 for this case. As j e increases, um increases and Ei decreases, 
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and (12) and (13) would make tihi infinite and Ei zero when j t /j a = . 

This merely means that the assumptions made in this section, in particular 
the neglect of diffusion and recombination or the assumption that no elec- 
trons are taken out by the injection electrode, must fail to be valid before 
j e gets as large as Hhjjne . It will, in fact, be shown in Section 5 how the 
presence of enormous concentration gradients makes it essential to consider 
the effects of diffusion near x = 0 when becomes large. 

Putting the boundary conditions (8), (9), (10), and (11) into the wave- 




Fig. 2 — Schematic variation of hole density and electric field E with distance x from 
injection electrode and time t after the start of the injected current, in the approximation 
neglecting diffusion and recombination. 


propagation construction described above gives the solution shown schemati- 
cally in Fig. 2. An infinitesimal instant after / = 0, tih is zero everywhere 
except in an infinitesimal interval at x = 0, where it rises to a maximum 
value nui given by (12). This is shown schematically in the upper left dia- 
gram of Fig. 2. The corresponding plot of E , shown in the upper right, dips 
down to Ej , which is less than either E a or 2?o , in this infinitesimal interval. 
After a finite time has elapsed, the curves of nu i and E against x are simply 
those obtained by moving each point of the right-hand portions of these 
i = 0+ curves a distance Vi horizontally to the right, as shown in the bottom 
two sketches. Here V depends on the ordinate in each diagram, taking on 
its maximum value Eohh when tin = 0 or E = Eq . Since V is proportional 
to 2?, the curve in the lower right diagram is a parabola in the range be- 
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tween the front and the rear of the transient disturbance; this parabola, if 
continued, would have its vertex at the origin. After a sufficiently long time 
a steady state will be reached in which the field for positive x has the uni- 
form value £1 and the density of holes the uniform value Uhi . 

It is possible to measure tih as a function of / for fixed a* by using a closely 
spaced pair of probes to measure the potential gradient E , and converting E 
to Hh by (3); alternatively, the current to a single negatively biased probe 
can be used as a measure of nu , if calibrated by the two-probe method. The 



Fig. 3 — Schematic variation of hole density n\ with time t after the start of the injected 
current, at some given distance downstream from the injection electrode, in the approxi- 
mation neglecting diffusion and recombination. 


portion of this curve of n h against t for which 0 < n h < n h \ is given, in the 
present approximation, by 

/ = x/ vm = - 1 ^ + ^ + *«.)*« 

HefJihMja + je) Q4) 

= fr[l + (1 + Ma/m«)»a/ w o] 2 

where 


Ir = x/Eofih (15) 

is the time of arrival of the front of the disturbance. This curve is a parabola, 
as shown in Fig. 3; if continued, the parabola would have its vertex on the 
negative n h axis, as shown. The rear of the disturbance, at which n h becomes 
constant and equal to tihi , arrives at a time t R given by inserting tihi from 
(12) into (14): 

tR = b/[ 1 — (1 + He/l*h)je/(ja + je )] 2 (16) 
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Note that the velocity of advance of the rear of the disturbance is less than 
that with which the holes drift in the steady-state field £ 1 . In other words, 
wave velocity and particle velocity must be distinguished in phenomena of 
this sort, although they happen to coincide at the front of the disturbance. 

The discussion just given has been based on the assumption that j* and 
j e are independent of time, and that they both flow from left to right in Fig. 1 . 
Time changes in the currents are easily taken into account in the tin con- 
struction of Fig. 2: according to (4), it is merely necessary to move the 
various points of the curve of n h against x to the right with the variable 
velocity V(tih , /) instead of the constant velocity F(n*); in addition, tihx 
will in general not be a constant, so that the part of the curve for small x 
will no longer be a horizontal line. As for the restriction that the currents 
all flow from left to right, only a change of notation is needed to make all 
formulas apply to the case where all currents flow from right to left; and 
the case where part of j e flows to the right and part to the left can, obviously, 
occur only under conditions where the assumptions of this section are not 
fulfilled, i.e., can occur only if electrons are removed at x = 0 or if both 
diffusion and recombination are important. For, if diffusion is negligible, 
the existence of a potential maximum at x = 0 implies a convergence of 
electrons from both sides onto the plane x = 0, and recombination alone 
cannot annihilate electrons at a finite rate in an infinitesimal volume. 

Mention has already been made of the fact that equations such as (12) 
and (13) give an infinite density of holes when j e /j a = Ph/ve , and are non- 
sensical for larger values of j e /ja . It is easy to see why any theory which 
neglects diffusion must break down for values of j e /j a of this size and larger 
if no electrons are removed by the injection electrode. If j e /j a is too large, 
any positive field just to the right of the injection plane x = 0 will cause 
more electrons to flow in the negative rv-direction than can be carried off 
by the current j a which flows in the region of negative x. This difficulty 
cannot be eliminated by making the field smaller in the region of small 
positive x y since making the field smaller requires a higher density of holes 
to carry the hole current j 9 ; and this in turn requires a higher density of 
electrons to preserve electrical neutrality. Thus, though it may be possible 
to realize experimental conditions under which the approximations of this 
section are valid for moderate values of je/ja , increase of je/ja above the 
critical value will always result in the building up of an enormously high 
density of holes and electrons near x = 0, and one must then consider 
diffusive transport and possibly other phenomena such as breakdown of the 
assumption that no electrons are removed by the injection electrode. 

It will be shown below that the effect of recombination on the curves of 
n h against x at various times t can be taken into account by using a geometri- 
cal construction similar to that of Fig. 2 except that, instead of moving the 
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various points of the curve horizontally to the right with increasing time, 
one must move them along a family of decreasing curves (cf. Figs. 4, 5, 
and 6). The effect of diffusion can be described roughly as a migration of 
each point from one of these curves to another. 

3. Complete Differential Equations of tiie Problem 

As was mentioned in Section 1, the transport of electrons and holes along 
a narrow filament can be described by one-dimensional equations even if 
recombination at the surface of the filament causes the distribution of 
electrons and holes to be non-uniform over its cross-section. In the equations 
to follow, ; in and n t will be understood to refer to averages, over the cross- 
section, of the hole and electron densities, respectively; the electrostatic 
field E can always be assumed uniform over the cross-section of the filament, 
if the latter is thin. The as yet uncertain influence of the surface on the rale 
of recombination of electrons and holes can be allowed for by writing the 
recombination rate as iioR(nn/no)/T particles per unit volume per unit time, 
where R is a function which is asymptotically iin/no as its argument — K), 
and where r is the recombination time for small hole densities. For pure 
volume recombination, R = iinii e /n 0 = (w*//i 0 )(l + ith/no), while a con- 
ceivable extreme of surface recombination would be R = nh/n 0 . 

Using this function, the continuity equations for electrons and holes can 
then be written, with inclusion of recombination and diffusion terms 

t , ‘ = -k «““*> - 7 R fe) + k ( D ‘ n) < 17) 

& - k «-*■> - 7 « (5) + k ( ° • f ) < I8 > 

where the D ' s are the diffusion constants, related to the mobilities n by the 
Einstein relation 

D/fi = kT/e (19) 

Using the neutrality condition n 9 = n 0 + n h , subtracting (17) from (18) 
and integrating gives the equation of constancy of current, the generali- 
zation of (3) : 

E[(ji e + Vh)n h + /x«7Jo] + — (jjl« — fih) = j(l)/e. (20) 

6 OX 

Solving for E gives 


j - kTb. - w ) p 

ox 

c[(m« + ;(*)»* + «« »o] 


( 21 ) 
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which can be substituted into (17) to give a differential equation for tin alone : 


Hktlh 


.(m« + l*h)nh + Wo. 

r W 


r t 4-9 i (22) 

kT ^ («o + 2n h ) ^ 

e dx L(m« + + /*. no J ' 


The first term on the right represents drift, the second recombination, and 
the third diffusion. This holds whether j is constant in time or not. How- 
ever, as the remainder of this memorandum will be devoted to the case 
where the currents involved are held constant after their initiation, it will 
be convenient to simplify the notation by introducing a current-dependent 
scale for x and writing the equation in terms of the dimensionless variables 


v = tth/nt , s = t/ r, f = x/Equht = xenon e /jukT (23) 


In terms of these (22) becomes simply 


dv_ = 

ds 11 


+ (1 + 


]- 


R(») 


+ 


f - T - - 

W ddl 


(1 + 2 .) % 


+ (1 + J 


(24) 


where R(y) = v(l + v) for pure volume recombination, or = v for a surface 
recombination uninfluenced by the electron density, and where 

J = (kTe ulnl/nhT) 112 

= <r 0 (kT/e nhr) m 


Numerically the characteristic field is, at 300°K, with = 1700 cm 2 /v sec, 3 

(j kT/eix h r ) m = 3.90 (t/1»s)~ 112 volts/cm (26) 

Note that the importance of the diffusion term in (24) goes down in- 
versely as the square of the current density used and inversely as the square 
of the recombination time; this is because an increase in the distance the 
holes travel decreases the distance they diffuse by decreasing the concen- 
tration gradient, and also makes a given diffusion distance less serious by 
comparison with the total distance traveled. Note also that, if ju* = ma > 

/A 2 dh 

the last term of (24) reduces simply to J ^ , but that, if ^ M/» > the 

diffusion term is not a simple second derivative. 

* G. L. Pearson, paper Q9 presented at the Washington Meeting of the American 
Physical Society, April 29, 1949. 
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4. Solution Including Recombination but Neglecting Diffusion 

It is plausible to expect by analogy with Fig. 2 that (24) can be solved, 
neglecting the last term, by a similar construction in which the curve of rih 
against x at time t is derived from that at time 0 by moving each point to 
the right along a descending curve, instead of along a horizontal line as be- 
fore. To show that this is indeed the case, and at the same time to show 
that the diffusion term cannot so easily be taken into account, let (24) be 
written, omitting its last term, as 

= -$(,,) - R ( v ) 

as d£ 


where 4> is just the translation into dimensionless variables of the velocity V 
encountered in (4). This can be converted into a differential equation for £ 
by writing 




4> dw J 

L = 0 

ds dw 

whence the general solution is 

£ = - J $ dw + f(s + w) (28) 

where / is an arbitrary function. If the same transformation is tried on (24) 
with the diffusion term retained, the equation corresponding to (27) has an 
additional term on the right containing a quotient of second and first deriva- 
tives of £ with respect to v , and the simple explicit solution falls. 

To apply (28) to explicit calculation, or even to visualize it physically, it 
is necessary to determine the proper form of the arbitrary function / to fit 


($ + J $ dwj e (f + / 
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the boundary conditions of the problem. This is most conveniently done by 
introducing a family of curves as suggested by the analogy with Fig. 2. The 
analogy suggests that we should try to find curves in the v, £ plane (the full 
curves of Fig. 4) such that a point can move along any one of them with 
velocity components 


or 



dv _ 

ds 

ds 

i curve is 


ii 

-*/R 

t(p,V<l) = 

r° $ 

Jw J 


(29) 


where vq , the intercept of the curve on the p-axis, is taken as a parameter 
distinguishing the curve in question from others of the family. A point which 
starts at height vo on the p-axis at time s = 0 will reach height v at time 



(30) 


Thus, after time s, the locus of all points which start at all the various 
heights vo will be the curve obtained by eliminating v 0 between (29) and 
(30) (shown dotted in Fig. 4). That this curve is, in fact, of the form (28) 
and therefore a solution of the differential equation is easily seen by writing 
(29) and (30) in terms of integrals taken from some arbitrary but fixed 
lower limit: 


sb,v a )= -f $+/ 


As vo is varied both the integrals with upper limit vq will vary, and either 
can be expressed as a function of the other: 

r ¥-'(r*) 

whence 


* = 



+ / 


( S 


+ 



which is identical with (28). 
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The equations (29) and (30) of course apply only to the portion of the 
curve of v against £ which is derived from starting points *>0 on the v axis 
which are. less than the maximum value v\ corresponding to the value nui 
given by (12): The points for p 0 < vi are merely initiated at time 5 = 0 and 
propagated by the differential equation from then on; the point v = v \ , 
£ = 0, on the other hand, remains a source at all times from the initiation 
of the injection onward. Thus the complete curve of v against £ for any 
positive s follows the dotted construction of Fig. 4 from the £ axis up to 
where it intersects the full curve corresponding to v 0 = v \ , after which it 



Fig. 4 — Schematic illustration of the method of constructing the curve of hole density 
tih against distance x from the injection electrode at some given time, taking account of 
recombination but neglecting diffusion. 


follows the latter curve, as indicated by the crosses in the figure. The steady- 
state distribution is thus simply the full curve for v 0 = v\ . 

For explicit calculation for the case of pure volume recombination one 
must insert <f> = l/[l + (1 + ma/mM 2 , R = v(l + v) into (29) and (30). 
The integrations are easily carried out and give 

y _ T \ + M./V* , . ^0 

L* + (1 + 11 1 + (1 + l*h/Ht)vo 

_l_ ] n 1 + (1 + /0 ,/m.K I 

Ma 2 1 + po J 

— [same with v instead of ^ 0 ] (31a) 


s 


In 


Vo 

1 + Vo 


- In 


1 + v 


(32a) 
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For the case of a surface recombination uninfluenced by electron concen- 
tration one obtains similarly, with R = v: 

^ £l + (1 + Ph/nc)v o ^ 1 + (1 + aWW vo\ 

— [same with v instead of v 0 ] (31b) 

* = In -° (32b) 

v 


When n c = 3/xh/ 2, as for germanium, (31a) and (31b) become respectively 
5/2 , , vo 


* 


= [r 


, . - , 9 1 + 5r,/3 

+ 5v 0 /3 + n 1 + 5v 0 /3 + 4 ^ 1 + 

— [same with v instead of v 0 ] 


o/y 

v o _ 


(33a) 


and 


■t 


i 


+ In 


vo 


+ Svo/3 1 “ 1 + 5v 0 /3. 
— [same with v instead of v 0 ] 


0 


These can also be written, using (32a) and (32b), 

_ , 5/2 _ 5/2 5 [~ (1 + 5v,/3)(l + v) l 

* S i " 1 + 5v 0 /3 1 + 5v/3 + 4 L(1 + 5v/3)(1 + v 0 )J 


and 


{ = s + In 



1 1 
1 + 5v/3 + 1 + 5v 0 /3 


(33b) 

(34a 

(34b) 


Figures 5a and 5b show as a full curve the plot of eq. (33a) for the case 
v 0 = oo, and the full curve in Fig. 6 shows in the same way the plot of 
(33b) for vo = oo Changing v 0 of course merely shifts either curve hori- 
zontally. Note the very sharp increase of v for small {, which shows up in 
pronounced manner on the expanded scale of Fig. 5b. The corresponding 
values of s , computed from (32a) or (34a), are marked on the curve of Fig. 5; 
the corresponding marks on the curve of Fig. 6 also represent values of s at 
intervals of 0.2, but are not labeled with absolute values because (32b) is 
infinite for v 0 =* « . 

For large £, v becomes very small and it becomes legitimate to expand the 
logarithms. The first few terms of the resulting asymptotic expression for ( 
are, for vo = «> and the recombination function leading to (31a), 

£ ~ — 1^ In (1 + m/./m«) — (1 + Mc/mh) — In v 


+ (3 + 


(35a) 
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Fig. 5 — Steady-state curve of hole density tin against distance .r, for the case of ideal 
volume recombination (recombination rate = tthtie/mo), and asymptotic approximations 
to this curve. 
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while, for the recombination function leading to (31b), 

f ~ — 1 dt(1 + f*h/fJLe) — 1 — \nv + 2(1 + (35b) 

In Figs. 5a and 6 the lower dotted curve represents the sum of the terms of 
(35a) or (35b) respectively a s far as the term in In v: in this approximation 
the dependence of v on f is exponential. An exponential behavior of this 
sort is assumed in the small-signal theory of the modulation of the resistance 
of a filament of semiconductor by hole injection. 4 The upper dotted curve 



Fig. 6 — Steady-state curve of hole density against distance x, for the case of ideal 
surface recombination (recombination rate = »a/t), and asymptotic approximations to 
this curve. 


in Figs. 5a and 6 is a plot of (35a) or (35b), respectively, with the linear 
term included. It will be seen that in both figures the simple exponential 
approximation is already quite far off when v == tth/tio = 0.1, though it 
improves rapidly for smaller v. 

Figure 7 shows a sample plot of v against ( for the case of ideal volume 
recombination (eqs. (31a) etc.), for the numerical conditions s = 1, v\ = 0.3 
(cf Fig. 4). According to (12), whose validity at £ = 0 is unimpaired by the 
occurrence of recombination, this value of vi implies jjj e = 6.5. The left- 

* W. Shockley, G. L. Pearson, and J. R. Haynes, BcU Sys , Tech. Jour., this issue. 




hand portion of this curve is simply traced from Fig. 5, with a horizontal 
shift sufficient to give an intercept at v = 0.3; the right-hand portion was 
constructed by placing the paper for Fig. 7 over that for Fig. 5, shifting 
horizontally until the point corresponding to one of the values of 5 marked 
on Fig. 5 lay on the axis of ordinates of Fig. 7, marking the position of the 
point labeled with one plus this value of s, and repeating. 
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t * 

* E 0 // h r 

Fig. 7 — Variation of hole density tin with distance x at time / = r assuming »ai = 0.3 w 0 
recombination rate = nan c /tw 0 , and neglecting diffusion. 

Figure 8 shows sample plots of v against s for the same case of ideal 
volume recombination, with v x = 0.3, for £ = 0.5 and £ = 1.0. Curves for 
a different v\ would start out exactly the same, but rise higher. The rising 
portion of the curve for £ = 0.5, for example, was constructed from the 
curve of Fig. 5a by locating various points (£, v) on the latter curve and 
associating with the v value of each such point a value of s equal to the 
difference of the s values marked on the curve of Fig. 5a for the two points 
abscissae £ and (£ — 0.5). As Fig. 5a was prepared entirely by slide rule, 
the accuracy is not all that can be desired; the individual computed points 
are shown to give an idea of the magnitude of the computational errors. 
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For convenience in future calculations the equations will be appended 
which correspond to (31) to (34) when, instead of ih , , the field E is used as 
dependent variable in the differential equations. In terms of the dimension- 
less variable 


€ = E/Eo 


1 

1 + *(1 + fth/l*.) 


(36) 


and the parameter e 0 corresponding to v = , the equations are, for ideal 

volume recombination (eqs. (31a) etc.), 

£ = T(1 + JVWeo - ^5 In (l + “ + In (1 - eo)l 

L hh \ Ho / v J (37 a ) 

— [same with e instead of eo] 


s 


In 


d-60) . (1 - 6) 

(*+£•)' (*+£■) 


(38a) 


while, for the recombination fimetion leading to eqs. (31b) etc., 

£ = €o — 6 + In ^ — (37b) 

1 — € 


5 = 



The electrostatic potential U is 


U = 




(38b) 


In the steady state the relation between e and £ is given by (37) with eo 
set equal to ex which, by (13), is 1 — ^ ( . . For this case 

Ma w® t Jo) 

U = 

= — EoPhT £«(m«/ma — 1) — « 2 (1 + ^.//*»)/ 2 (39a) 

— In (1 — e) — ^5 In ^1 + ej J + const. 
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for ideal volume recombination; while, for the assumptions leading to eqs. 
(31b), etc. the relation is 

U = -Elm, t[< - **/2 - In (1 - e)] + const. (39b) 

Thus, in the steady state, the difference in potential between any two points 
to the right of x = 0 can be obtained by finding the values of e for these 
two points by (37), and then using these to evaluate the difference in the 
values of (39) at the two points. To the left of x = 0, of course, E is constant 
and equal to j a /c, 

5. Diffusion Effects 

Diffusion will obviously be very important at small values of £ = x/E^ut 
when ui,i is large, because of the tremendous concentration gradients which 



s = - 
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Fig. 8 — Transient behavior of iik with time at position .r/£ 0 /mt — 0.5 and 1.0, as 
suming nn\ — 0.3 « 0 and recombination rate = WAn e /r« 0 . 


Figs. 5 and 6 predict for such cases. Also, of course, diffusion will round off 
the discontinuities in slope which appear at the front and rear of the transient 
disturbance as in Fig. 7 and Fig. 8. At other points the importance of diffu- 
sion effects can be roughly estimated either by comparing the diffusion cur- 
rent with the drift current or by comparing the divergences of these two 
contributions to the current, i.e., the last and first terms on the right of (24). 
Referring to these terms in (24) we have 


("diffusion current”] _ /jV(l + 2v) ["dyl 
L drift current J \jj v |_d£ J 


(40) 


div. diffusion current 
div. drift current 



*[[! + (!+ W>/ne)v][ 1 + 2v] ^2 / ^ + (! — Ma/aO . 


(41) 
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For the steady-state curve approximate values of the expressions (40) and 
(41) can be computed by evaluating the derivatives of £ with respect to v 



Fig. 9 — Asymptotic magnitude of diffusion terms in the steady-state flux of holes, 
when j/J is large. 

from (29) or (31). For the case of ideal volume recombination with = 
3/2 this gives, if the diffusion effects are not too large, 

[ diffusion current ] ^ ^ ( , + „ )(1 + W(1 + {() . (42) 

[™r=] " (jf “ + + * + 2 >’’ + +»■ 

(43) 

These functions are plotted in Fig. 9. From this figure one can estimate 
roughly when diffusion will begin to have serious effects other than a slight 
rounding of the leading and trailing ends of the transient. For example, if 
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it is desired that the ratio (43) be less than about 0.1 in the steady state 
for values of v as high as 0.3, the upper curve of Fig. 9 shows that the current 


density used must be large enough to make 



_a 

13.6 


i c., j >11.7 J, 


where J is given by (25) and (26). 

An approximate evaluation of (40) and (41) in the transient region can 
be performed by graphical or numerical differentiation of a curve such as 
that of Fig. 7. For example, a rough calculation based on Fig. 7 gives, in 
the middle of the transient portion (£ = 0.75), 


[ div. diffusion current 
div. drift current 



More important and also more difficult to estimate is the effect of diffusion 
in rounding off the front and rear edges of the transient. Various ways can 
be devised to estimate a rough upper limit to the amount of rounding off 
to be expected. One such is to compute what the diffusive flux just behind 
the front of the advancing disturbance would be if the distribution of holes 
were the same as in the absence of diffusion. Under conditions where diffusion 
is not too serious the time integral of this diffusive flux between any two 
times can be equated to the increase in rounding of the front, as measured 
by the area between an ideal curve such as that of Fig. 7 and the actual 
curve of v against £ for the same time j. The integration cannot be extended 
back to time zero, however, since the integral of the flux diverges logarith- 
mically. The fact that the diffusive flux is actually finite instead of infinite 
of course arises from the fact that at small times the concentration gradient 
a short distance behind the front can no longer be approximated by the 
gradient which would obtain in the absence of diffusion, but instead is very 
much less. This suggests that an upper limit to the total diffusive flux passing 
into the region of the front from time 0 to time s can be obtained by taking 
the flux computed as described above between the times s 0 and s, and adding 
to it the total number of holes which have left the injection electrode be- 
tween time 0 and time s 0 . Since this gives an upper limit for any x 0 , one 
may use the minimum of the resulting sum as s 0 is varied. 

The results of some sample calculations of this sort are shown in Fig. 10, 
which refers to the same time, currents, and recombination function as Fig. 7, 
viz., s = 1 /t = 1.0 , je/ja = 2/1 3, ideal volume recombination. The full 
curve is the transient portion of Fig. 7 replotted on a larger scale. The lower 
dotted curve is a curve drawn in by hand in such a way as to make the 
area between it and the full curve equal the upper limit computed in the 
manner just described, for the case / = 100.7. The upper curve was drawn 
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similarly fory = 31.67. Since the true curve of v against £ must lie between 
the dotted curve and the full curve in each case, it can be concluded that 
for times and current ratios of this order the diffusionless theory of Section 4 
gives a useful approximation to the transient when j £ 1007. At the other 
end, it seems likely that fory < 107 the theory of Section 4 has no quantita- 
tive utility at all in the transient region. 

When diffusion effects are sufficiently great, account must also be taken 
of the fact that the boundary conditions at the injection electrode ( x = 0) 



Fig. 10^ Approximate magnitudes of the rounding of the front by diffusion for various 
values of j/J } for the case / = T t j t /j a = 2/13, ideal volume recombination. Ordinate is 
proportional to hole density, abscissa to distance from injection electrode. 


take a different form from those in the absence of diffusion. In the absence 
of diffusion and with the assumption that only holes are injected at x = 0, 
the current just to the right of x = 0 must consist of a contribution j e from 
holes and a contribution j a from electrons, while the current just to the left 
of x = 0 is purely electronic and of magnitude j a . This implies, as we have 
seen in Section 2, that the hole density be discontinuous, with the value tin 
given by (12) just to the right of x = 0, and the value zero just to the left. 
But if diffusion is allowed, the hole density must be continuous. For the 
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idealized case where holes are injected on the plane x = 0 and no electrons 
are removed there, the equations to be satisfied are 

(ai'X + " D ‘ (fe)_ + (44) 

- D - (t\ + n “- E * - H - (£)- + ’“ w£ - (45) 

D. - D >‘ + »A /**)-£- = io/e (46) 


where subscripts + and — refer to conditions just to the right of x = 0 
and just to the left, respectively. Using the neutrality condition n e = w 0 + ;/* 

these are three equations for the five unknowns ( ) ,E± y tih. To complete 

\ dx / jj. 

the determination of these quantities the differential equation (22) must be 
solved and the boundary conditions imposed that nu — » 0 as x — > db oo. 

Actually the problem of estimating conditions at x = 0 may not be quite 
as formidable as the preceding paragraph suggests, at least if the diffusion 
parameter J/j is reasonably small and if j e /j a is also not too large. For such 
cases the “upstream diffusion” of holes into the region of negative rt* will 
probably reach a steady state in a very short time. Solutions of the steady 
state differential equation in this region have been obtained numerically by 
W. van Roosbroeck (unpublished). Such solutions will give one relation be- 


tween iih and 



; another relation, in the form of a fairly narrow range 


of limits, is provided by the fact that 



will under these conditions be 


« 



, being in fact probably somewhere between zero and the value 


for the diffusionless case with the same value of nu i . 

Of course, if the mathematical solution for this one-dimensional idealiza- 
tion is to be applied to a case where holes are injected into a filament by a 
pointed electrode on its boundary, little meaning can be attached to vari- 
ations in the nu of the mathematical solution within a range of x values 
smaller than the diameter of the filament. 


6. Summary and Discussion 

There are three principal factors which limit the range of conditions 
within which the present theory provides a useful approximation to the 
transient behavior of nu as a function of t and x. These are diffusion, trap- 
ping, and departure from one-dhnensional geometry. If the geometiy is 
sufficiently nearly one-dimensional and trapping is negligible, the discussion 
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of Section 5 shows that the theory of Section 4, with its neglect of diffusion, 
will give a useful approximation to the truth whenever the field in which 
the holes migrate is sufficiently strong — e.g., strong enough to make the 
current density y > 100 /, where J is given by (25) and (26). The obtaining 
of “sufficiently strong” fields without excessive heating or other undesirable 
effects is facilitated by the use of specimens with as long a recombination 
time r as possible, and by the use of specimens of low conductivity. How- 
ever, it is hard to say how low the conductivity can be made without danger 
that the “no trapping” assumption will break down, since for this assumption 
to be valid the density of hole traps must be << the density of donors. 

The numerical predictions of the theory depend upon the way in which 
the rate of recombination is assumed to depend upon the concentrations of 
electrons and holes, i.e., upon the form of the function R(v) introduced in 
(17) and (18). The full curves of Figs. 5 and 6 give the steady-state depend- 
ence of tih on x for two simple assumptions regarding the dependence 
corresponding to any given boundary value iiu i at x = 0 being simply ob- 
tained by a suitable horizontal shift of the curve plotted. When the currents 
are held constant after their initiation, the auxiliary time scale in these 
figures can be used to construct the transient disturbance at any time, by 
the methods described in connection with the examples of Figs. 7 and 8. 

These results should hold for a plane-parallel arrangement of electrodes or, 
to a good approximation, for electrodes placed along the length of a narrow 
filament, provided the tin appearing in the equations is interpreted as a cross- 
sectional average of the hole density and provided the other assumptions 
given in Section 1 are fulfilled. It is easy to see, however, that practically 
the same equations apply to cases of cylindrical or spherical geometry, in 
the approximation where diffusion is neglccteJ. For, in these cases, the 

d 1 d 

original equations (17) and (18) merely have “(•••) replaced by ~ ~ (r • • • ) 

Id 

or “ ~ (r 2 • • •); if the diffusion terms are neglected the solution is the same 

as before with x replaced by r 2 / 2 (cylindrical case) or r*/3 (spherical case) 
and withj replaced by I/2wd (cylindrical case, d = thickness of sample, 
I = total current) or by 7/47T (spherical case). However, it may be difficult 
to realize experimentally conditions approximating cylindrical or spherical 
geometry which satisfy the requirement that diffusion effects be small. 

Another generalization which is easily made is the removal of the assump- 
tion that no electrons are withdrawn by the electrode at x = 0. As far as 
conditions to the right of x = 0 are concerned (Fig. 1), the only change 
required in the diffusionless theory is to interpret j e as the current density 
leaving the emitter electrode in the form of holes, rather than as the total 
Current from the emitter electrode, and to interpret j a as the sum of the 
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current leaving the emitter electrode in the form of electrons and any current 
to the left of x = 0. 

It should also be clear that the entire analysis of this paper, though it has 
for definiteness been formulated for the case where holes are injected into an 
excess semiconductor, applies just as well to any case where electrons can 
be injected into a defect semiconductor. For the latter case it is merely 
necessary to interchange the subscripts e and h in the formulas. Though the 
types of experiments discussed in this paper have to date only been reported 
for «-type germanium, the occurrence of similar phenomena in p - type speci- 
mens is indicated by the successful use of such specimens in transistors. 6 

An interesting and possibly quite useful phenomenon should occur when, 
after establishment of a steady state, the current j e is suddenly turned off. 
There will result a transient disturbance propagated in the direction of in- 




Fig. 11 — Schematic variation of hole density tth with distance x, illustrating formation 
of a shock wave by quickly decreasing j, to zero, for the case where j = j, -f j a is kept 
constant. 

(a) Immediately after reduction of.;* to zero. 

(b) Later time. 

creasing .%*, which is very much like a shock wave in a gas. This, the most 
interesting feature of the phenomenon, will occur regardless of whether j a 
remains constant when j e is cut off; however, the simplest example for il- 
lustrative purposes is the case where j a is increased by the amount 7* at the 
instant when the latter is cut off, so that j remains constant. For this case, 
illustrated in Fig. 11, the values of nu ahead of the advancing front will 
remain the same at each point as in the previous steady state. Just behind 
the front, nu must drop abruptly to zero. If j/J is large, where J is given 
by ( 25 ), the drop will be extremely sharp. For the change in the form of the 
front with time is compounded out of diffusion and propagation with variable 
velocity along descending curves, as shown schematically in Fig. 4 . Since 
the latter propagation involves a more rapid motion to the right, the smaller 
tth , it tends to steepen the front, and this steepening must continue until 

5 W. G. Pfann and J. II. ScafT, paper presented at the Cambridge Meeting of the Ameri- 
can Physical Society, June 16-18, 1949. 
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the diffusive spreading becomes sufficient to counterbalance it. It is not 
necessary, for the production of a steep front of this kind, that the decrease 
of j, to zero be brought about with corresponding rapidity; even a gradual 
decrease of j, will lead to a front which becomes steeper as it advances, 
and if the decrease ofj, is not too gradual a “shock front” will have devel- 
oped after a short distance. The order of magnitude of the “shock front 
thickness” can be estimated by finding the value of the time At for which 
the diffusion distance Ax D = (2D A t) m equals the difference A x v between 
the drift distances of the holes at the top and bottom of the front, i.e., 
Axy = [F(0) — F(»*)]A/, where V is given by (4) and «* is the height of 
the front. For this value of At, 

Axd = 2D/[V(0) - V(n h ) ] (47) 

and this is presumably of the order of magnitude of the thickness of the 
front. If D is interpreted as D* = kTw,/e, which is good enough for the 
present purpose, this gives 

j (48) 

1 + v(l + 

Of course, this extremely sharp front can be realized only when the condi- 
tions of one-dimensional geometry are accurately fulfilled. When the geome- 
try is made sufficiently ideal, observation of the thickness of the “shock 
front” can provide a valuable check on the validity of the basic assumptions 
of the theory such as the neglect of trapping. 8 

The author would like to express his indebtedness to many of his col- 
leagues, and especially to J. Bardeen, J. R. Haynes, and W. van Roosbroeck, 
for many illuminating discussions of the topics covered in this paper. 

* The accompanying paper by W. Shockley, G. L. Pearson and J. R. Haynes describes 
some observations of this shock wave effect, though under conditions where v « 1, so 
that the thickness of the front as given by (49) is still fairly large. 
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On the Theory of the A-C. Impedance of a Contact Rectifier 

By J. BARDEEN 

T HE a-c. impedance of the rectifying contact between a metal and a 
semiconductor is measured by superimposing a small a-c. current on 
a d-c. bias current. It is generally recognized 1 that an equivalent circuit 
consists of a parallel resistance and capacitance in series with a resistance 
as shown in Fig. 1. The parallel components represent the impedance of 
the barrier layer itself and depend on the d-c. bias current flowing. The 
series resistance is that of the body of the semiconductor. It has been shown 
theoretically by Spenke 2 that under quite general conditions the parallel 
capacitance and resistance are independent of frequency. Unfortunately 
Spenke’s proof is highly mathematical and is also not readily available. 
The derivation of the impedance relations which is presented here is in 
some ways more general and gives more physical insight into the problem. 

The method of analysis which is used is similar to that employed by Miss 
C. C. Dilworth 3 for the d-c. case. Except for some obvious differences in 
sign, the theory is the same for n- and £-type semiconductors. 4 We give 
the theory for the latter because the signs are a little simpler for positively 
charged holes than for negatively charged conduction electrons. Before 
the discusssion of the theory of the a-c. impedance, a brief outline of Schott- 
ky’s theory of the barrier layer will be given. 

A rough schematic energy level diagram, based on Schottky’s theory of 
the barrier layer at a contact between a metal and a £-type semiconductor, 
is illustrated in Fig. 2. The diagram is plotted upside down from the usual 
one in order to show the energy of holes increasing upward. The energy of 
electrons increases downward. In a defect or p-type semiconductor, such 
as Cu 2 0, electrons are thermally excited to acceptor levels, charging the 
acceptors negatively, and leaving missing electrons or holes in the filled 
band. The holes are mobile and provide the conductivity. Electron states 
with energies lying above the Fermi level in the diagram, corresponding to 
lower energies for electrons, have a probability of more than one-half of 

1 For an outline of the theory of contact rectifiers together with references to the earlier 
literature, see H. C. Torrey and C. A. Whitmer, “Crystal Rectifiers,” McGraw-Hill Book 
Company, Inc., New York, New York (1948). 

* Eberhard Spenke, Wiss. Veroff. Siemen’s Konzem, 20, 40 (1941). 

* C. C. Dilworth, Proc. Pkys. Soc. London, 60, 315 (1947). A similar method was used 
earlier by H. A. Kramers, Physica 1, 284 (1940), in a discussion of the diffusion of particles 
over potential barriers. 

4 We suppose that only one type of carrier takes part in conduction. 
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F ig. 1— Equivalent circuit for contact rectifier. The parallel components R and C repre- 
sent the barrier layer itself and R„ represents the resistance of the body of the semicon- 
ductor. 




Fig. 2 — Schematic energy level diagram of p-type semiconductor in contact with a 
metal. The diagram is plotted upside down from the usual way in order to show the energy 
of holes increasing upward. The energy of electrons increases downward . The lower diagram 
gives the density of charge in the barrier layer. In the body of the semiconductor the space 
charge of the holes is compensated by the space charge of the negatively charged acceptor 
ions. Holes are drained out of the barrier layer by the electric field, leaving the negative 
space charge of the acceptors. The rise in electrostatic potential in the barrier region re- 
sults from this negative space charge together with the compensating positive charge 
on the metal. The capacitance of tne barrier layer is approximately that of a parallel 
plate condenser with plate separation l. 
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being occupied by electrons; those below the Fermi level are most likely 
unoccupied. Holes are depleted from the barrier layer, leaving the negative 
space charge of the acceptors. This negative space charge, together with 
the compensating positive charge on the metal, gives the potential energy 
barrier which impedes the flow of holes from semiconductor to metal. The 
thickness of the barrier layer may vary from 10 -6 to lO -4 cm, depending on 
the materials forming the contact. 

In drawing the diagram of Fig. 2 it has been assumed for simplicity that 
the concentration of acceptors is uniform over the region of interest. In the 
main body of the semiconductor only a few of the acceptors are charged. 
Throughout a large part of the barrier layer practically all acceptors are 
negatively charged and there are very few holes in the filled band. This 
part of the barrier layer has been called by Schottky the exhaustion region 
and is in our case a region of uniform space charge, as shown in the lower 
diagram of Fig. 2. The transition zone in which the concentration of holes 
is decreasing and the concentration of charged acceptors is increasing is 
called the reserve region. 

In thermal equilibrium, with no applied volatge, the potential drop across 
the barrier layer, V m , may be a fraction of a volt. If a voltage is applied in 
such a direction as to make the semiconductor positive relative to the metal, 
the effective height of the barrier is reduced and holes flow more easily 
from the semiconductor to the metal. This is the direction of easy flow. If 
a voltage is applied in the opposite direction the height of the barrier is 
increased for holes going from semiconductor to metal and remains un- 
changed, to a first approximation, for holes going from metal to semiconduc- 
tor (actually electrons going from the filled band of the semiconductor to 
the metal). This is the reverse or high resistance direction. 

If a voltage is applied in the reverse direction, and equilibrium is estab- 
lished, the thickness of the exhaustion layer increases. The reserve region 
keeps the same form but moves outward from the metal. A forward voltage 
decreases the thickness of the space charge layer. 

The change in charge density corresponding to a small reverse voltage is 
shown schematically by the curve marked 8Q in the lower diagram of 
Fig. 2. The maximum of 8Q occurs where the total charge density is changing 
most rapidly with distance. If / is the distance from the metal to this maxi- 
mum, the effective capacitance C, is approximately that of a parallel plate 
condenser with plate separation l and with the dielectric constant of the 
medium equal to that of the semiconductor. The capacitance decreases as l 
increases with a d-c. bias applied in the reverse direction and the capaci- 
tance increases with forward bias. Schottky 6 has shown that information 

6 Walter Schottky, ZeitsJ. Phys. 118, 539 (1942). 
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about the concentrations of donors and acceptors can be obtained from the 
variation of capacitance with bias. 

In the equivalent circuit of Fig. 1 the capacitance C is in parallel with the 
differential resistance, R , of the contact, and the parallel components are 
in series with the resistance R a of the body of the semiconductor. Spenke 
showed that R and C are independent of frequency if the frequency is low 
enough so that the charge density is in equilibrium during the course of a 
cycle. 

If the applied voltage is suddenly changed, it will take time for the charges 
to adjust to new equilibrium values. The time constant for the readjustment 
of charge of the carriers (holes in this case) is kp/47t, where p is the resistiv- 
ity (in e.s.u.) of the body of the semiconductor and k is the dielectric constant, 
and is ^ 10 -10 sec. for a resistivity of 100 ohm cm. Even if a larger value 
of p is used, corresponding to a point in the reserve layer, the relaxation 
time for the carriers is very short. 6 A much longer time may be required 
for readjustment of charge on the donor or acceptor ions, giving a varia- 
tion of R and C at lower frequencies. If the barrier is nonuniform over the 
contact area, so that much of the current flows through low-resistance 
patches, the equivalent circuit may consist of a number of circuits like 
those of Fig. 1 in parallel. In this case, if an attempt is made to represent 
the contact by a single circuit of this form, it will be found that R and C 
vary with frequency. 

The derivation of the current voltage characteristic for the general case 
of a time dependent applied voltage follows. The total current per unit 
area is the sum of contributions from conduction, diffusion, and displace- 
ment currents: 

/(/) = <tE- eD(dn/dx) + (^^(dE/dt), (1) 


where 

n(x,l) = concentration of holes; 

<7 = «(o:,/)ep is the conductivity; 
e = magnitude of electronic charge; 
p = mobility of holes; 

D = nkT/e = diffusion coefficient; 

V(x,t) = electrical potential; 

E(x,t) = — dV(x } t)/dx = electric field strength. 

The coordinate x extends into the semiconductor from the junction. Equa- 
tion (1) may be written in the form 

/(/) = nen(— dV/dx) — iikT(dn/dx ) — (k/4'k)(S 1 V / dxdl) (l r ) 

6 Another limit is the transit time of carriers through the barrier layer. This time is 
generally shorter than the relaxation time of the semiconductor. 


97 


The potential V is determined from the charge density, q, by Poisson’s 
equation 

d 2 V/dx~ = — 4irq/ k. (2) 

Since the charge density may be expressed in terms of n(x,l) and the 
density of fixed charge, these two equations may be used to determine n 
and V when /(/) is specified. Spenke eliminates the potential V between 
(1) and (2) and gets a rather complicated equation for n. We prefer to deal 
with Eq. (1) directly, to treat the potential V(x,l) as a known function, and 
to solve for the concentration, n(x,i). 

The plane x = 0 is taken at the interface between metal and semiconduc- 
tor and the plane x = Xi just beyond the barrier layer in the semiconductor. 
It is assumed that V = 0 at x = Xi. Under thermal equilibrium conditions, 
with no current flowing, the hole concentration in the barrier layer varies 
as exp (—eV/kT), taking the values: 

n = n 0 al x = xi (3a) 

n- itm= n 0 exp (—eV m /kT) at x = 0, (3b) 


where n« is the equilibrium concentration in the body of the semiconductor 
and V m is the height of the potential barrier. We suppose that the boundary 
conditions (3a) and (3b) also hold when a current is flowing and when there 
is an additional voltage, V a , across the barrier layer. Our procedure is to 
solve Eq. (1) for n(x,l) , with V(x,t) assumed known, and then to determine 
1(1) in such a way that the boundary conditions are satisfied. The solution 
of Eq. (1) which satisfies (3b) is: 

<) - » «p[-«(r - rim - jo- ((t + f/iJr)' 

exp[e(F - V)/kT] dx' (4) 

The prime indicates that the variable is x f rather than x. At x = 0, V is 
the sum of V m and the applied potential, V a : 

V « V a + V m at x - 0 (5) 

The current /(/) is determined in such a way that (3a) is satisfied. Setting 
x = xiy using (3a), and solving the resulting equation for /(/), we get: 

nkT[noexp(eVa/kT)-ttoexp(eV/kT)]- f‘/ ^exp (eV'/kT) dx J 

•'O w7T O* ut 

j T exp (eV'/kT)dx' 


( 6 ) 
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Provided that the barrier height, V m + V a , is as much as several times kT/e , 7 
the integral -in both integrals is largest near x = 0 and drops rapidly with 
increase in x. Where the integrand is large we may write to a sufficient ap- 
proximation: 

V = V a +V m - Fx, (7) 

where F is the field in the semiconductor at the interface. The approxima- 
tion (7) may be used if kT/eF is small compared with the thickness of the 
barrier layer. The value of d~V / dxdl is nearly constant over the important 
part of the integration and may be replaced by its value at x = 0 and taken 
out of the integral. The upper limit xi may be replaced by without ap- 
preciable error, so that we get finally: 

/(/) = /*(G)(1 - exp [- eVa/kT ]) + dQ/di, (8) 

where 

Im(Q) = {4irC H Q Tie/ k) CXp [—cV m /kT\ (9) 

and 

Q = kF/4tt (10) 

is the surface charge density at the metal interface. 

The current I m (Q) has a simple interpretation; it is just the conduction 
current in the semiconductor at the interface resulting from the field F. 
In equilibrium, this conduction current is balanced by a diffusion current 
of equal magnitude and opposite sign. A voltage V a applied in the reverse 
direction reduces the diffusion current at the interface as compared with 
the conduction current by the factor exp [— eVJkT]. The current dQ/dl 
is the displacement current at the interface. 

Actually, the diffusion theory as given above is not complete. The Schottky 
effect, the lowering of the barrier by the image force, has been neglected. 
There may be appreciable tunneling through the barrier. There may be a 
patch field resulting from nonuniformity of the barrier. If the variations 
in the patch fields are not too large, the modification of current resulting 
from these factors depends only on the field at the metal and not on the 
form of the barrier at some distance from the metal. Thus we may expect 
the form (8) to be generally valid if 7 W (Q) is considered to be a general 
function of Q. Equation (10) is also of the form to be expected from the diode 
theory. 1 In the latter case, I m (Q) is the thermionic emission current from 
metal to semiconductor. 

If the current is varying in time it is the instantaneous value of Q at 
7 The value of kT/e at room temperature is .025 volts. 
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time / which is to be used in Eq. (10). At high frequencies, the charge at 
the interface need not be in phase with the applied voltage. If the frequency 
is low enough so that the charges maintain their equilibrium values during 
the course of a cycle, Q will be in phase with V and the parallel capacitance 
for unit area is simply: 

C = dQ/dV. (11) 

The barrier layer may be represented by this capacitance in parallel with 
the d-c. differential resistance, R. 

Both R and C may depend on the d-c. bias current llowing. Variations of 
R and C with frequency at moderate frequencies may result from large scale 
nonuniformities of the barrier such that the patch fields extend over a large 
fraction of the thickness of the barrier layer or from charge relaxation times 
associated with acceptors, donors or trapped carriers. At low frequencies, 
drift of ions may be involved. 

Attempts which have been made to determine the variation of resistivity 
in the barrier layer from impedance data are invalid. It is not correct to 
take the impedance of an element of thickness dx to be 


dx/\a(x) + (jo)k/4tt)] 

and integrate over dx to obtain the impedance of the layer. This procedure 
omits terms arising from diffusion and changes of concentration in time. 
It is possible to obtain an integral of Eq. (1') if both sides are divided by 
nefi. Integrating over * from x = 0 to x = x u and using the boundary condi- 
tions (3a), (3b) and (5), we get 

Va = r {w.+ («/4 *Kfv/dxd» 

Jo ne\i v 7 

which means that the integral of the conduction current over the conduc- 
tivity gives the applied voltage. This is consistent with the representation 
of the barrier by a resistance and capacitance in parallel. 
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The Theory of p-n Junctions in Semiconductors and p-n 


Junction Transistors 
By W. SHOCKLEY 


In a single crystal of semiconductor the impurity concentration may vary 
from p - type to n-type producing a mechanically continuous rectifying junction. 
The theory of potential distribution and rectification for p-n junctions is developed 
with emphasis on germanium. The currents across the junction are carried by 
the diffusion of holes in w-type material and electrons in p-typc material, re- 
sulting in an admittance for a simple case varying as (1 + u*n p ) 11 * where r p is the 
lifetime of a hole in the n-region. Contact potentials across p-n junctions, carry- 
ing no current, may develop when hole or electron injection occurs. The principles 
and theory of a p-n-p transistor are described. 


Table of Contents 


1. Introduction 

2. Potential Distribution and Capacity of Transition Region 

2.1 Introduction and Definitions 

2.2 Potential Distribution in the Transition Region 

2.3 The Transition-Region Capacity 

2.4 The Abrupt Transition 

3. General Conclusions Concerning the Junction Characteristic 

4. Treatment of Particular Models 

4.1 Introduction and Assumptions 

4.2 Solution for Hole Flow into the n - Region 

4.3 D-C. Formulae 

4.4 Total Admittance 

4.5 Admittance Due to Hole Flow in a Retarding Field 

4.6 The Effect of a Region of High Rate of Generation 

4.7 Patch Effect in p-n Junctions 

4.8 Final Comments 

5. Internal Contact Potentials 

6. p-n-p Transistors 

Appendix I A Theorem on Junction Resistance 
Appendix II Admittance in a Retarding Field 
Appendix III Admittance for Two Layers 

Appendix IV Time Constant for the Capacity of the Transition Region 
Appendix V The Effect of Surface Recombination 
Appendix VI The Effect of Trapping upon the Diffusion Process 
Appendix VII Solutions of the Space Charge Equation 
Appendix VIII List of Symbols 


1. Introduction 


S IS well known, silicon and germanium may be either n-type or 



r\ p - type semiconductors, depending on which of the concentrations 
N d of donors or N a of acceptors, is the larger. If, in a single sample, there 
is a transition from one type to the other, a rectifying photosensitive p-n 
junction is formed . 1 The theory of such junctions is in contrast to those 

1 For a review of work on silicon and germanium during the war see H. C. Torrey and 
C. A. Whitmer, Crystal Rectifiers, McGraw-Hill Book Company, Inc., New York (1948). 
P-n junctions were investigated before the war at Bell Telephone Laboratories by R. S. 
Ohl. Work on p-n junctions in germanium has been published by the group at Purdue 
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of ordinary rectifying junctions because, on both sides of the junction, 
both electron flow and hole flow must be considered. In fact, a major 
portion of the hole current may persist into the n-type region and vice- 
versa. In later sections we show how this feature has a number of inter- 
esting consequences, which we shall describe briefly in this introduction. 

A p-n junction may act as an emitter in the transistor sense, since it can 
inject hole current into ;/-type material. The a-c. impedance of a p-n junc- 
tion may exhibit a frequency dependence characterized by this diffusion 
of holes and of electrons. For high frequencies the admittance varies ap- 
proximately as (/co) 1/2 and has comparable real and imaginary parts. When 
a p-n junction makes contact to a piece of ;*-type material containing a high 
concentration of injected holes, it acts like a semipermeable membrane and 
tends to come to a potential which corresponds to the hole concentration. 

Although some results can be derived which are valid for all p-n junctions, 
the diversity of possible situations is so great and the solution of the equa- 
tions so involved that it is necessary to illustrate them by using a number 
of special cases as examples. In general we shall consider cases in which the 
semiconductor may be classified into three parts, as shown in Fig. 1. The 
meaning of the transition region will become clearer in later sections; in 
general it extends far enough to either side of the point at which N& — N a = 0 
so that the value of | Nd — N a | at its boundaries is not much smaller than 
in the low resistance parts of the specimen. As stated above, appreciable 
hole currents may flow into the ;j-region beyond the transition region. For 
this reason, the rectification process is not restricted to the transition region 
alone. We shall use the word junction to include all the material near the 
transition region in which significant contributions to the rectification 
process occur. It has been found that various techniques may be employed 
to make nonrectifying metallic contacts to the germanium; when this is 
properly done, the resistance measured between the metal terminals in a 
suitably proportioned specimen is due almost entirely to the rectifying 
junction up to current densities of 10 _1 amp/cm 2 . 


directed by K. Lark-Horovitz: S. Bcnzcr, Phys. Rev . 72, 1267 (1947); M. Becker and 
H. Y. Fan, Phys. Rev. 75, 1631 (1949); and H. Y. Fan, Phys. Rev. 75, 1631 (1949). Similar 
junctions occur in lead sulfide according to L. Sosnowski, J. Starkiewicz and 0. Simpson, 
Nature 159, 818 (1947), L. Sosnowski, Phys. Rev . 72, 641 (1947), and L. Sosnowski, B. 
\V. Soole and J. Starkiewicz, Nature 160, 471 (1947). The theory described here has been 
discussed in connection with photoelectric effects in p-n junctions by F. S. Goucher. 
Meeting of the American Physical Society, Cleveland, March 10-12,' 1949 and by W. 
Shockley, G. L. Pearson and M. Sparks, Phys. Rev. 76, 180 (1949). For a general review' 
of ccnductivity in p - and w-type silicon see G. L. Pearson and J. Bardeen, Phys. Rev. 75 
865 (1949), and J. H. Scaff, H. C. Theuerer and F. E. Schumacher, Jl. of Metals. 185* 
383 (1949) and W. G. Pfann and J. H. Scaff, Jl. of Metals, 185, 389 (1949). The latter 
two papers also discuss photo-voltaic barriers. The most recent and thorough theory for 
frequency effects in metal semiconductor rectifiers is given elsewhere in this issue (T. 
Bardeen, Dell Sys. Tech. Jl ., July 1949). 
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Even for distributions of impurities as simple as those shown in part (b) 
there are two distinctly different types of behavior of the electrostatic po- 
tential in the transition region, each of which may be either rectifying or 
nonrectifying. The requirement that the junction be rectifying can be stated 
in terms of the current distribution, certain cases of which are shown in (c). 
The total current, from left to right, is /, the hole and electron currents being 



I p and I n , with / = I p + I n . Well away from the junction in the p - type 
material, substantially all of the current is carried by holes and I p = /; 
similarly, deep in the n-type material /„ = / and I p = 0. In general in a 
nonrectifying junction, the hole current does not penetrate the w-type ma- 
terial appreciably whereas in the rectifying junction it does. Under some 
conditions the major flow across the junction will consist of holes; such 
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cases are advantageous as emitters in transistor applications using w-type 
material for the base. 

Where the hole current flows in relatively low resistance w-type material, 
it is governed by the diffusion equation and the concentration falls off as 
exp(— x/L p ) where L p is the diffusion length: 

l = Vd7„. 

Here D is the diffusion constant for holes and t p their mean lifetime. The 
lifetime may be controlled either by surface recombination 2 or volume re- 
combination. Surface recombination is important if the specimen has a 
narrow cross-section. 

Under a-c. conditions, the diffusion current acquires a reactive component 
corresponding to a capacity. In addition, a capacitative current is required 
to produce the changing potential distribution in the transition region 
itself. 

In the following sections we shall consider the behavior of the junction 
analytically, treating first the potential distribution in the transition region 
and the charges required change the voltage across it in a pseudo-equilibrium 
case. We shall then consider d-c. rectification and a-c. admittance. 

2. Potential Distribution and Capacity of Transition Region 
2.1 Introduction and Definitions 

We shall suppose in this treatment that all donors and acceptors are 
ionized (a good approximation for Ge at room temperature) so that we have 
to deal with four densities as follows: 

n = density of electrons in conduction band 

p = density of holes in valence-bond band 

Nd = density of donors 

N a = density of acceptors 

The total charge density is 

P = q (P - n + N d - N a ), ( 2 . 1 ) 

where q is the electronic charge. We shall measure electrostatic potential 
\p in the crystal, as shown in Fig. 2, from such a point, approximately 3 mid- 
way in the energy gap, that if the lermi level <p is equal to \p y the concentra- 
tions of holes and electrons are equal to the concentration n { = p { char- 

2 H. Suhl and W. Shockley Phys. Rev. 75 1617 (1949). 

3 A difference in effective masses for holes and electrons will cause a shift of * from the 
midpoint between the bands. 
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Fig. 2 — Electrostatic potential Fermi level <p and quasi Fermi levels <p p and <p n . 

(In order to show electrostatic potential and energies on the same ordinates, the ener- 
gies of holes, which are minus the energies of electrons, are plotted upwards in the figures 
in this paper.) 


acteristic of a pure sample. For an impurity semi-conductor we shall have, 
as shown in (b), 

(a) 

\ ( 2 . 2 ) 

b 


p = t%i6 


4. - 

ft = n%e , 


where q is the electronic charge. Accordingly, 

P = ?{#<* - N a + 2 sinh [q{<p - p)/kT]}. 


(2.3) 


When the hole and electron concentrations do not have their equilibrium 
values, because of hole or electron injection or production of hole-electron 
pairs by light, etc., it is advantageous to define two non-equilibrium quasi 
Fermi levels <p p and <p„ by the equations 

p = me ,Wp ~* )lkT (a) 

(2 4 ) 

n = (b) 


as indicated in Fig. 2 (c). In terms of <p p and <p „ , the hole and electron cur- 
rents take the simple forms: 

I p = —q[DVp + ttpVp] = —qnpV<f> p 
In = bq[DVn — unVp] = —qbpnV<p n 


105 


(2.5) 

( 2 . 6 ) 




where the mobility p and diffusion constant D for holes are related by Ein- 
stein's equation 

V = qD/kT (2.7) 

and b is the ratio of electron mobility to hole mobility. 4 

Under equilibrium conditions <p P = <p n = <p where <p is independent of 
position. Under those conditions, I p and I n are both zero according to equa- 
tions (2.5) and (2.6). The electrostatic potential \p, however, will not in 
general be constant and there will be unbalanced charge densities throughout 
the semiconductor. We shall consider the nature of the conditions which 
determine \p for a general case and will later treat in detail the behavior of 
\p for p-n junctions. 

For equilibrium conditions, there is no loss in generality in setting <p 
arbitrarily equal to zero. The charge density expression (2.3) may then be 
rewritten as 


P = Pd — Pi sinh u (2.8) 

where 

u = q\p/kT , pi = liiiq, pd = q(l\ T d ~ N a ) (2.9) 

In equation (2.8) pd and u and, consequently, p may be functions of position. 
The potential \p must satisfy Poisson’s equation which leads to the equation 

VV = —47 rp/fc (2.10) 

where k is the dielectric constant, (2.10) can be rewritten as 

V. - ^ (sinh . - fi) (2.11) 

What this equation requires in physical terms is that the electrostatic po- 
tential produces through (2.8) just such a total charge density p that this 
charge density, when used in Poisson’s Equation (2.10), in turn produces 
\p. It seems intuitively evident that the equation for u will always have a 
physically meaningful solution; no matter how the charge density p d due 
to the impurities varies with position, the holes and electrons should be 
able to distribute themselves so that equilibrium is produced. For a 
one-dimensional case, it is not difficult to prove that a unique solution exists 
for u(x ) for any p d (x) (Appendix VII). 

4 We prefer b in comparison to c for this ratio since c for the speed of light also occurs in 
formulae involving b. 


106 


The coefficient in (2.11) has the dimensions of (length) * leading us to 
define a quantity 

Ld = y/ KkT/iirqpi = y/ KkT/Sir^tti 

= 2.1 X lOT* cm for Si with k = 12.5, 6 «,• = 2 X 10 10 cm -8 (2.12) 

= 6.8 X 10 -8 cm for Ge with k = 19, 8 «,• = 3 X 10 18 cm 8 

where the subscript D for Debye emphasizes the similarity of L D to the char- 
acteristic length in the Debye-HUckel theory of strong electrolytes. The 
meaning of the Debye length is apparent from the behavior of the solution 
in a region where pu is constant, and u differs only slightly from the value 
wo which gives neutrality, with p,- sinh wo = Pd ■ Under these conditions, 

Ct = (!•»* cosh «o)(« — «o) (2.13) 

dor 

so that u — Mo varies as exp (=L xy / cosh uq/L d ). In general, we shall be in 
terested in cases in which the deviation of u from w 0 decays to a small value 
in one direction. It is evident that the distance required to reduce the devia- 
tion to 1/e is Lo/Vcosh «o • If only small variations in pd occur within a dis- 
tance L D /y / cosh Mo > then the semiconductor will be substantially neutral. 
However, if a large variation of pd occurs in this distance, a region of local 
space charge will occur. These two cases are illustrated in connection with 
the potential distribution in a p-n junction, 

2.2 Potential Distribution in the Transition Region 1 

We shall discuss the case shown in Fig. 1 for which the charge density 
due to donors and acceptors is given by 

Nd — N a = ax (2.14) 

This relationship defines a characteristic length L a given by 

L a = Hi/ a (2.15) 

If L a y> L d , the condition of electrical neutrality is fulfilled (Appendix VII) 
and u satisfies the equation 

sinh u = pd/ Pi — ax/lni = x/2 L a 

6 T. F. Mullaney, Phys. Rev. 66, 326 (1944). 

«H. B. Briggs and W. H. Brattain, Phys. Rev. f 75, 1705 (1949). 

7 Potential distributions in rectifying junctions between semiconductors and metals 
have been discussed by many authors, in particular N. F. Mott, Proc. Roy. Soc . 171 A, 
27 (1939) and W. Schottky Zeits.f. Physik 113, 367 (1939) 1 18, 539 (1942) and elsewhere. 
A summary in English of Schottky’s papers is given by J. Joffe, Electrical Communications 
22, 217 (1945). All such theories are in principle similar in involving the solution of equa- 
tions like (2.11). See, for example, H. Y. Fan, Phys. Rev. 62, 388 (1942). 
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On the other hand, if L D L a , a large change in impurity concentration 
occurs near x = 0 without compensating electron and hole densities oc- 
curring. Mathematically, we find that (2.11) can be expressed in the form 


and 


d 2 u 

df 


Y* (~y + sinh u ) 


(2.16) 


y = x/2L a , K = L D /2L a (2.17) 


In Appendix VII, it is verified that the appropriate solution for K « 1 is that 
giving local neutrality, u = sinh 1 y\ while for K 1, there is space charge 
as described below. 

For L d » L a , or K » 1, there is a space charge layer in which N d — N a 
is uncompensated. To a first approximation, we can neglect the electron and 
hole space charge in the layer and obtain, by integrating twice, 




lirqax 

3k 


+ (kx, 


(2.18) 


where we have chosen the zero of potential as the value at x = 0, a condi- 
tion required by the symmetry between +x and - x of (2.14). Although 
the potential rise is steep in the layer, d\p/dx should be small at the point 
.r m where the neutral n - type material begins. As an approximation we set 
d\f//dx = 0 at x = x m : 


d\p 2t rqax m 

-y — ~ r (h = U 

dx K 


(2.19) 


this leads to a value for a 2 which may be inserted in (2.18) to evaluate \p 
at Xm : 


< 2 -»> 

where n m = ax m is the density of electrons required to neutralize N d — N a = 
ax m at the edge of the space-charge layer. This value of n m must corre- 
spond to that associated with \p m by (2.2) 


n m = «< e q ' l ' m " cT . (2.21) 

We thus have two equations relating \p m and n m and the parameter “a” 
To solve them we plot ln^ m versus In n m as shown in Fig. 3. On this figure the 
relationship 


im 


4ti -q n m 
3k a 2 


3 

= 3.18 X 10" 8 ^ volts for Ge 
d 2 

= 4.83 X 1(T 8 ^ volts for Si (2.22) 

a 2 
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becomes a family of straight lines with “a” as a parameter. (Only a = 10 16 
cm" 4 is shown for Si, all the other lines being for Ge.) The half thickness 
x m (= n m /a) of the space-charge region is also shown. Solutions arc obtained 
when these lines cross the curves n m = ft,- exp (q^m/kT), which are shown 
for room temperature. The condition that the intersection lie well to the 
right on the curve is equivalent to K » 1. For two Si samples cut from a 
melt, a was determined from measurements of conductivity 8 and was 
about 10 15 to 10 16 cm” 4 . For these, the space change region has a half-width 
.r m of more than 10” 4 cm. For other temperatures, the curves can be ap- 
propriately translated. 9 

In Fig. 4(a) we show the limiting potential shapes: 

ax = 2 rii sinh for K « 1 (2.23) 

kl 

+ = (+ m /2)(-(x/xm) z + 3(*/* w )) for K » 1 (2.24) 

In Fig. 4(b) the charge densities are shown. For the space-charge case 
| Nd — N a | is greater than n or p. For a higher potential rise, i.c. larger 
\p m , the discrepancy would be greater and Na — A T a would be unneutralized 
except near x m . 

2.3 The Transition-Region Capacity 

When the voltage across the junction is changing, a flow of holes and 
electrons is required to alter the space charge in the transition region. We 
shall calculate the charge distribution in the transition region with the aid 
of a pseudo-equilibrium model in which the following processes are imagined 
to be prevented: (1) hole and electron recombination, (2) electron flow across 
the ^-region contact at .r a (Fig. 1), (3) hole flow across the ^-region boundary 
at Xb . Under these conditions holes which flow in across .v a must remain in 
the specimen. If a potential 8<p is applied at the p end, then holes will flow 
into the specimen until <p p has increased by dip so that the holes inside are 
in equilibrium with the contact which applies the potential. Since the speci- 
men as a whole remains neutral, an equal electron flow will occur at x b . 
When the specimen arrives at its pseudo-equilibrium steady-state, the 
potential distribution will be modified in the transition region and the num- 
ber of holes in this region will be different from the number present under 
conditions of true thermal equilibrium. The added number of holes is pro- 
portional to 8q> for small values of dip and thus acts like the charge on a con- 
denser. Our problem in this section is to calculate how this charge depends 

8 Unpublished data of W. H. Brat tain and G. L. Pearson. 

8 The effect of unionized donors and acceptors can also be included by letting m include 
the properly weighted donor states and pi, the acceptor states. 
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upon kp for various types of transition regions and to express the result as 
a capacity. 

The justification for this pseudo-equilibrium treatment is as follows: 
Under actual a-c. conditions the potential drop in the p - and n-regions them- 
selves are small because of their high conductivity so that most of the po- 



Fig. 4 — Electrostatic potential and densities for p-n junctions. 


tential drop occurs across the transition region. On the p - side of the transi- 
tion region a large supply of holes is available to modify the potential and 
the fact that a current is flowing across the junction disturbs their concen- 
tration negligibly; the electrons on the w-side are similarly situated. Hence 
the distribution of holes and electrons in the transition region will be much 
the same as for the pseudo-equilibrium case. The question of how the hole 
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current required to change the potential distribution in the transition region 
is related to other hole currents is discussed in Section 4.1. 

Under our assumptions, after the voltage 8p is applied, a steady state is 
reached involving no current hence V<p p = Vp n = 0- Consequently, both 
<p p and (p n are constant and 

<p P — <Pn = (2.25) 

since the holes are being supplied from a source at a potential 8p higher than 
for the electrons. 

We shall then have 

p = n i e‘ w ' , ~ mT = n l e‘ Wl ~* )lkT (2.26) 

n = = n l e ,{ ' Hri) "‘ T (2.27) 

where 

<Pi — (<Pp + ^n)/2, <p p = <pi + 8p/ 2, <p n = <pi — 8p/2 (2.28) 

and 

m = n i e' ,Srl2kT . (2.29) 

Thus the effect of applying the potential Sp in the pseudo-equilibrium case 
is equivalent to changing n, to «i just as if the energy gap had been reduced 
by qSip. 

In the />-region, n « p and so that p = —ax is a good approximation. 
Similarly, in the K-region, we set n - ax. Hence we have in the /(-region 

P = <pi + (5v>/2) - (kT/q) In (-ax/m) (2.30) 

and in the «-region 

p = <f>i — (&p/2) + (kT/q) In (ax/n,). (2.31) 

Hence the effect of is to shift p in the /(-region upwards by Sip compared 
to p in the ^-region. This is an example of the general result that p — <p P 
tends to remain constant at a given point in the /(-region no matter what dis- 
turbances occur and p — <p n tends to remain constant in the K-region. 

The Capacity for the Neutral Case K « 1 

For the neutral case, we calculate the total number of holes, P, between 
x c and Xb as a function of Sip. The charge of these holes is qP and the effective 
capacity is q dP/d Sip. As explained above, we are really interested in the 
change in number of holes in the transition region. However, the value of P 
is relatively insensitive to the location of the limits .v a and Xb so long as they 
lie in regions where the conductivity approaches the maximum values in the 
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p- and n-regions. In the following calculations, we shall consider a unit area 
of the junction so that values of P and of capacity are on a unit area bases. 

The value of P is obtained by integrating p dx making use of the neu- 
trality condition to establish the functional relationship between p and x . 
The neutrality condition can be written as 

ax = 2m sinh — ^ m 2m sinh u (2.32) 


where u = qty — <pi)/kT and 

(2.33) 

n = me** (2.34) 

so that the value of P can be obtained by changing variables from x to u: 


r*b /•«& 

P = / pdx = I p(2m/a) cosh « du 

= (»*/») r tl + e _2u ] du = (n?/a)[«6 - «„ + (e -2 “ a - <T 2u ‘)/2] 


(2.35) 


For the cases of practical interest, the value of p at x = , denoted by 

p a , and the value of n at x = , denoted by , will both be large compared 

to m . Consequently, we conclude that 

u a = — ]n(p a /m) and u b = In « 6 /«i 


are both larger than unity in absolute value but probably less than twenty 
for a reasonable variation of impurity between x a and Xb . (For example for 
a change in potential of 0.2 volts such as would occur between p- and #-type 
germanium, Ua and u b would each be about 4 in magnitude.) Hence we ob- 
tain for P, 

P = («i/2fl)(2(«6 -Ua) + {p a / Ml ) 2 - (»!/**)*) 

= pl/2a + {n\/a){tib - Ua ) (2.36) 

where we have neglected (»i/«*) 2 which is <SC1 and the negligible compared 
to «6 — «o . The term />*/2a is simply the integrated acceptor-minus-donor 
density in the ^-region, as may be seen as follows: 

r° r° 

/ (N a — Nd) dx = I (—ax) dx — axl/2 = p\/2a. (2.37) 

Jx a Js a 

The second term in (2.36) is essentially the sum of the holes to the right 
of x = 0 plus the electrons to the left of x = 0, whose charge is also corn- 
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pensated by holes. The total number of holes can be expressed in terms of 
8ip through the dependence of Hi on 8p. The second term is thus 

(n 2 i/a)[ln(n b /ni) + In (p a /ni)] 

= (n‘i/a)e qh ' p,kT • [In (n b p a /n]) — q8ip/kT] (2.38) 

Hence for a small change d8<p in $<p, the change in charge dQ = q dP and the 
capacity C are given by 

c = §■ = L~ Dn(* Pa/n\) - (q8ip/kT) - 1]. (2.39) 

d8tp kl a 

This capacity can be reexpressed in terms of the difference in p between 
x a and xt : When 8p = 0, corresponding to the thermal equilibrium case, 
we have 

p a n b = nW l * h ~* a)lkT (2.40) 

Using this together with the definitions of L D and L a we obtain 

c mmUo <2 ' 41) 

In this expression \p a and \p b are the potentials when 8<p = 0; so that 

^Pb — ('/'a + 5(f) 

is thus the increase in potential in going from .v 0 to x b when 8q> is applied. 

For thermal equilibrium, 8<p = 0 and, as discussed above, the term in 
\j/ b — \p a will be about 10. Hence, using the definition A" = L D /2L a , we have 

C ^ k /4t(4KL d /10) (2.42) 

For K « 1, the case for which this formula is valid, C will be the capacity 
of a condenser whose dielectric layer is much less than L» thick. 

Capacity for Space Charge Case , K » l 

As discussed in connection with (2.30) and (2.31), the applied potential 
5 tp reduces the increase (= 2\p m ) in \p between the /^-region and the //-region 
by 8p/2 on each side of x = 0. This is accomplished by a narrowing of the 
space charge layer by 8x m on each side where (according to (2.20)) 

8p m = —8(p/2 = 4'irqa.xl l 8x m / k (2.43) 

The decrease in width 8x m brings with it an increase in number of holes 
— ax 8x m per unit area of the junction on the p - side and an equal number of 
electrons on the //-side. Thus a charge of holes per unit area of = — qax m 8xm 
must flow in from the left. The capacity per unit area is, therefore, 

C = 8Q/8p = qax m 8x m /8<p = #r/4ir2.r w (2.44) 
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corresponding to a condenser of thickness 2x m * It is evident that formula 
(2.44) will hold for a small change d&p superimposed on a large bias &p pro- 
vided that 2x m is the thickness of the space charge region under the condi- 
tions when d<p is applied. If is the value of p for 8<p = 0, then p m = 
— &p/ 2; and C will vary as 

C = K\4nrqQ’/ 3 k(^P mQ — 8<p/2)] lli /8ir (2.45) 

so that 1/C 3 should plot as a straight line versus 8(p with slope 

- (fcr/'OW&r?®) = - (2.46) 

In addition to the holes which flow to account for the change in p m , the 
concentration of holes in the ^-region will be increased by a factor 
exp (qb/kT). However, this increase does not lie in the transition region; 
we shall consider it later, in Section 4, in connection with a-c. admittance. 


Comparison of the Two Capacities 

It is instructive to compare the two capacities just derived. We suppose 
that for one value of we have K » 1 so that the space charge solution is 
good. For this case we choose .v 0 = —x m and xt = +x m so as to bound the 
space charge layer. We then imagine to be increased, either by raising 
the temperature or by applying a potential difference 8<p. The capacity then 
changes from 

Cop . cbg. = K/87rr m to Cnout. = Sk/SttKLd (2.47) 


(i.e., from (2.44) to (2.42)) so that the ratio is 


Cnout. 

Cap. chg. 


KL d 


(2.48) 


For K < 1, this ratio is large, both because of K in the denominator and 
because x m > L a so that x m /L D > L a /L D = 1/2 K. 

In Section 4.4 we shall compare these capacities with that due to diffusion 
of holes and electrons beyond the transition region. 


2.4 The Abrupt Transition 

For completeness we shall consider the case in which the impurity con- 
centration changes abruptly from p p to n n at x = 0. For this case the po- 
tential in the space-charge layer will be of the parabolic type discussed by 
Schottky, the potentials varying as 

}p = (2ir/ K)q p p (x - x p ) 2 + constant, x < 0 (2.49) 

p ~ — (2ir /K)q n n (x — x n ) 2 + constant, x > 0 (2.50) 
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where x p < 0 and x n > 0 are the ends of the space-charge layer in the p - 
and ^-regions. The gradient of potential at .r = 0 must be equal for the two 


layers leading to 

Pp^P = (2.51) 

so that if the total width of the space charge layers is W = x n — x p , it 
follows that 

x p = -n n W/(n n + p p ) and = p p W/(n n + p p ). (2.52) 
The potential difference across the layer, which is \p b — pa is 
'h - ia = (2irq/ic)(ppx], + n n x\) = [2irq p p tt n /i<(p p + n„)]fF 2 (2.53) 

If p p n „ this reduces to 

Pb — Pa = 27 rq n n W 2 /K (2.54) 


the formula given by Schottky, which should be appreciable in this case, 
for which all the voltage drop occurs in the w-region. 

The capacity for the abrupt transition will be 

C = k/At\V (2.55) 

where W is obtained by solving (2.53). For this case (1/C) 2 should plot as a 
straight line versus p b — p a : 

^ = [8tt(/>p + h„)A <7 p p n„](p b - pj . (2.56) 

3. General Conclusions Concerning the Junction Characteristic 

In this section we shall consider direct current flow through the junction 
and shall derive the results quoted in Fig. 1 relating the current distribution 
to the characteristics of the junction. We shall suppose that holes and elec- 
trons are thermally generated in pairs at a rate g and recombine at a rate 
rnp so that the net rate of generation per unit volume is 

(net rate of generation) = g — rnp, 

which vanishes at equilibrum. Obviously, g = rn] . If relatively small con- 
centrations bp and bn of holes and electrons are present in excess of the 
equilibrium values, the net rate of generation is 

bp = bh = g — r(n + bn)(p + bp) = —rnbp — rpbn (3.1) 

This is equivalent to saying that excess holes in an «-type semiconductor, 
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and excess electrons in a p-type semiconductor, respectively, have lifetimes 
t p and r» given by 

dp = —bp/T p — —rndp or t p = 1/m = p/g (3.2) 

and 

dh = — dn/r n = —rpbn or r n = 1/r^ = »/g. (3.3) 

We shall have occasion to use this interpretation later. (We later consider 
the modifications required when surface recombination occurs, Section 4.2, 
Appendix V, and the effect of a localized region of high recombination rate, 
Section 4.6, Appendix III.) 

In principle, the steady-state solution can be obtained in terms of the 
three potentials p, <p p and <p n . These must satisfy three simultaneous or- 
dinary differential equations, which we shall derive. As discussed in Section 
2, we consider all donors and acceptors to be ionized so that Poisson’s equa- 
tion becomes 

^ (ax + me q ^- mT - ni e q{ *-*' ),kT ) (3.4) 

dor k 

an equation in which the unknowns are the three functions <p p , <p n and p. 
The total current density, from left to right, is 

+ (3.5) 

The elimination of p and » by equation (2.4) results in an equation in- 
volving the three unknown functions and I. The divergence of hole current, 
equal to the net rate of generation of holes, is 

dip _ . f q_( dfpY _ J_ d<pf £ ¥>„ 1 

dx q * P L kT \dx) kT dx dx ' r dx? \ ( 3 . 6 ) 

= q(g ~ mp) = qg( 1 - e q ^ )ltT ), 

with p in the second term given by (2.4) so that (3.6) is also an equation 
for the three unknown functions. The equation for dl n /dx can be derived 
from the last two and adds nothing new. These three equations can be used 
to solve for (fp/dx 2 , <?<p p /dx and dtpjdx in terms of lower derivatives and /. 
They thus constitute a set of equations sufficient to solve the problem pro- 
vided that physically meaningful boundary conditions are imposed. We 
shall not, however, deal directly with these equations; the main reason for 
deriving them was to show that the problem in question is, in principle, 
completely formulated. Instead of attempting to solve the equations, we 
shall discuss certain general features of the solutions for <p p and <p n , using 
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approximate methods, and in this way bring out the essential features of 
the theory of rectification. 



Fig. 5 — Potential and current distributions for forward current in p-n junctions. 

(a) p-n junction under equilibrium conditions. 

(b) Division of current between holes and electrons. 

(c) Distribution of potentials for forward current flow showing how the potential 8<p 
applied at x a changes (p p , <p n and p. 

In Fig. 5 we represent a general situation which may be used to illustrate 
the nature of the resistance of the junction. Part (a) corresponds to thermal 
equilibrium and shows the potential distribution and Fermi level in ac- 
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cordance with the scheme used in Fig. 2. Part (b) shows the current dis- 
tribution for a forward current I from left to right and (c) shows 
the corresponding potential distribution and values of <p n and <p p , the total 
applied potential being 8<p. Recombination prevents the hole current from 
penetrating far into the n-region, the depth of penetration being described 
by the diffusion length L p = y/Dr p = V Dpn/g, where p n is the hole con- 
centration in the n-region. The electron current similarly is limited by 
L n = \/bDr n = V bDtip/g. (Diffusion lengths are evaluated for particular 
models of the junction in Section 4.) Far from the junction, therefore, the 
hole and electron concentrations have their normal values and consequently 
<P P = <Pn and <p p — \p has its normal value. This accounts for the equal dis- 
placement 8<p for all three curves at x = x a . The curves for tp p and <p n have 
a continuous downward trend which produces the currents 

I p = —qnp and I n = —qbpn (3.7) 


The area between the <p p and <p n curves has a special significance: This differ- 
ence is related to the excess rate of recombination and the integral of this 
rate over the entire specimen must be sufficient to absorb the hole current 
I p = I entering at x a so that the entire current at xt is carried by electrons. 
In terms of <p p — <p n and equation (3.6) we obtain 


i = i P (x a ) - ip^) = r ~ d, 
= gq r (e q(v '~* n),kT - 1 ) dx. 


(3.8) 


From (3.8) we conclude that if g is increased indefinitely for a specified 
current /, then <p p — <p n must approach zero. For this case, in which the 
rate of recombination and generation is very high, <p p = <p n and 


/ = I P + In = —Quip + bn) dipjdx (3.9) 

and 

d<p p = I / dx/quip + bn) = IRq, (3.10) 

x a Jz a 


where Rq is simply the integral of the local resistivity corresponding to 
densities p and ». For smaller values of g , I does not divide in the ratio plbn 
and ip p y* <p n and 8<p > IRo . 

We shall next give an approximate treatment for the case in which 6<pj 
(/ for junction), the value of <p p — <p n at x = 0, is an appreciable fraction of 

10 A general proof that 5<p > IRo is given in Appendix I. 
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the total voltage drop. For this purpose we treat <p p — <p n as constant over a 
range of integration from x = —L n to x = +L P obtaining 

I = gq(L n + L p )[e WipjikT) - 1 ] 

= I.[ e w » lkT) - ij (3 ' ll) 

where 

I. = gq(L n + L p ) ( 3 . 12 ) 

is the current density corresponding to the total rate of generation of hole- 
electron pairs in a volume L n + L p thick. We next consider 8<p Rp + 8<p Rn 
shown in Fig. 5c, where, as the subscript R implies, these are thought of as 
resistive terms and are given by the integrals 

fO / ,x 6 r 0 f* x b 

8<p Rp + 8<p R n = — d\p p — / d(p n = / I p dx/ qnp + / /„ dx/ qubn. 

Jx a Jo Jx a Jo 

The denominators are both approximately qn(p + bn) which occurs in the 
integral for R 0 . Furthermore, for most of the first range I p = / and for 
most of the second I n = /. Near x = 0, I p or /„ must be at least 1/2. Hence 
it is evident that 8<p Rp + 8^p Rn cannot be much less than 7J? 0 . We shall repre- 
sent it by IRi where R 0 < 2R\ < 2 R Q . 

In terms of R\ and I , , the relationship between current and voltage 
becomes 

8(p = 8(p Rp + 8(p Rn + 8<pj = R\I + — In ^1 + . ( 3 . 13 ) 


This corresponds to an ideal rectifier in series with a resistance Ri . The 
junction will, therefore, be a good rectifier if the second term represents a 
much higher resistance. 

We shall compare the two resistances for the case corresponding to K 1 . 
For this case, we have p = — ax and n = -\-ax except in the narrow range 
| x | < L a = Hi/ a. The integral R 0 can be approximated by integrating 
dx/a for x outside of the range =t L a using the approximation ztax for 
p and n and approximating the integral from —L a to +L a by 2 L a /<r (in- 
trinsic). This procedure gives 




r~ x a 

/ dx/ qiiax + 

J L n 


2 Lq 

qH7i{(\ + b) 



dx/ qfibax 


La_ 

qW 



In (xb/La) 


(3.14) 


where it is supposed that — x a = Xb and that In ( x b /L a ) is large compared to 
2/(6 + 2 + 1/6). The evaluation of L p and L n for use in /, is more involved 
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since r p and r„ are both functions of x. We shall obtain an approximate self- 
consistent diffusion length by assuming that the holes diffuse, on the average, 
to just such a depth, L p , that in uniform material of the type found at 
L p , their diffusion length would also be L p . At a depth L p , the value of 
n is aL p so that by (3.2), r p is 1 /raL p = n 2 /gaL p . Thus we write 

Lp = Dt p = DnVgaL v . (3.15) 

We can solve the equation (3.15) for L p and a similar one for L n and insert 
the results in equation (3.13). For small I this gives 

*v/I = *.+ ( kT/ql .) = — (l + r)ln (Vi.) 

\ 0 / ( 3 .16) 

+ kT/tf g il \DL a nd ll \l + b 11 *)). 

It is seen that for g large, the second term, corresponding to the rectifying 
resistance, becomes small. For this case, as discussed above, <p p = <p n and 
the exact integral for Bo should be used and the junction will give poor 
rectification. 

It is also instructive to consider L a as a variable. Increasing L a corre- 
sponds to making the transition from p to n more gradual. It is evident 
that varying L a changes the two terms of (3.16) in opposite directions so 
that there will be an intermediate value of L a for which the resistance of 
the junction is a minimum. As L a approaches zero, however, the second 
term should be modified: If we imagine that in the transition region the 
concentration ( Nd — N a ) varies only over a finite range, bounded by fixed 
values n n and p p in the n- and /^-regions, then it is clear that the li miting 
values of L p and L n should be given not by (3.15) but by \/Dt p and \ZbDr n 
where r p and r» are evaluated in the n-region and /^-region; This leads to a 
limiting value for /, , which is given in equation (4.11) of the following 
section. In the range for which (3.16) applies, however, the interesting 
result holds that widening the transition region initially decreases the re- 
sistance by furnishing a larger volume in which holes and electrons may com- 
bine or be generated. / 

The condition that 8<p j dominate the resistance is that the second term 
of (3.16) be much larger than the first. This leads to the inequality 

1 « iwCT ' T ' ^ 

where we have neglected various factors involving b, which are nearly unity, 
and ln(V-^a) (which must be about 4 for Ge since the conductivity at a* 
is about exp(4) times the intrinsic conductivity). The quantity 

L P f = (ZWg) lB (3.18) 
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is the diffusion length for holes in the intrinsic region. The inequality states 
that the diffusion length must be much larger than L a . This is equivalent 
to the previous statement that the hole current must penetrate the //-region 
for the rectifier to have a good characteristic. (If a local region of high re- 
combination is present in the transition region, this result just quoted need 
not apply. See Section 4.6.) 

If the hole current penetrates deeply into the //-region and R\ is negligible, 
then we can conclude that the current-voltage characteristic will fit the 
ideal formula. For these assumptions 8<pr p on Fig. 5 will be small and the 
principal change in (p p will occur relatively deep in the //-region, at least 
beyond the transition region. So long as the hole concentration introduced 
in the //-region is much smaller than n n , the hole current into the //-region 
will be a linear function of the value of p at the right edge of the transition 
region, being zero when p equals p n , the equilibrium value of p. This 
leads at once to a hole current proportional to p — pn and since the shift 
of y p in respect to \p at the edge of transition region is dp, p — p n is 
equal to p n (cxp(a8<p/kT) — 1). (These ideas are discussed in detail in Sec- 
tion 4.) A similar relationship will hold for electrons entering the /^-region; 
hence the total current will vary as exp(q8(f/kT) — 1. This is a theoretical 
rectification formula 11 giving the maximum rectification for carriers 
of charge q. 

4. Treatment of Particular Models 
4.1 Introduction and Assumptions 

In this section we shall deal chiefly with good rectifiers so that the IR 
drop, discussed in connection with R\ in Section 3, is negligible. We shall 
deal chiefly with the case for which the transition region is narrow com- 
pared to the diffusion length; consequently, there is little change in I p in 
traversing the. transition region. In Fig. 6(a) we consider a hypothetical 
junction in which the properties are uniform outside the transition region. 
The division of the specimen into three parts as shown is seen to be reason- 
able for germanium: In //-type germanium, the diffusion constant for holes 
is about 40 cnT/sec and the lifetime is greater than 10 -6 sec so that the 
diffusion distance is L p — yj D t p > 6 X 10 -3 cm. This is much greater than 
most transition regions. 

The major drop in ip p must occur to the right of the transition region. This 
follows from our assumptions: First, we may neglect the IR drop in the 
^-region; hence cp p is substantially constant from x = x a to x = x Tp . Second, 
the decrease in (p p is much less in the transition region than in the //-region; 
this follows from two considerations: the resistance for hole flow is lower in 

11 C. Wagner, Phys. Zeils. 32, 641-645 (1931). 
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the transition region than in the w-region; the effective length of flow in the 
^-region, being L p , is greater than the width of the transition region. Con- 
sequently, the variation of tp p shown in Fig. 6(c) is seen to be reasonable. 
Similar considerations apply to <p n . As is shown in Fig, 6(c), the application 
of 8(p does not alter <p p — yp in the /^-region nor <p n — \p in the ^-region. The 

TRANSITION 


p-REGION REGION H- REGION 



DISTANCE THROUGH SAMPLE, X— ► 

Fig. 6— Simplified model of a p-n junction. 

(a) Distribution of donors and acceptors. 

(b) Potentials for thermal equilibrium. 

(c) Effect of 5 ^ applied potential in forward direction. 

reason, as discussed in connection with (2.31), is that in these regions elec- 
trical neutrality requires an essentially constant value for the more abundant 
carrier. Hence the relationships between then’s and 4 1 follow from (2.4). 

The nature of the potential distribution in the transition region has no 
effect in the considerations just discussed. However, as shown in Section 2. 
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the capacity of the transition region, which we shall denote by C r in this 
section, does depend on the nature of the transition region and, consequently, 
on the value of K. 

If the sizes of the ^-region and w-region are large compared to the diffusion 
lengths, we may assume the current at .r a to be substantially I p only and 
that at Xb , I n only. The total current entering at x a can be accounted for 
as doing three things: (1) neutralizing the electron current flowing into the 
^-region across x Tp , (2) contributing to the charge in the transition region 
(this corresponds to the capacity discussed in Section 2) and (3) contributing 
a current flow to the right across x Tn . 

We have selected the hole current for analysis because the hole has a 
positive charge and the connection between the algebra and the physical 
picture is simplified. For the same reason, the text emphasizes forward 
current, although the equations are equally applicable to reverse currents. 
Nothing essential is left out by this process; since the sample as a whole 
remains uncharged, the current I is the same for all values of x and if I v is 
known, then /„ = / — I v is also determined. 


4.2 Solution for Hole Flow into the n-region 

We shall calculate first the hole current I p (x Tn ) flowing across x Tn . It is 
readily evaluated as follows: The value of p(x Tn ) is given by 


P(xm) = n t e qWi+i *- H)lkT 
= p n e QWkT 


(4.1) 


where p n is the hole concentration in the ^-region for thermal equilibrium. 
If we apply a small a-c. signal superimposed on a d-c. bias so that 

8<p = vo + vie lut (4.2) 

where Vi is an a-c. signal, assumed so small that linear theory may be em- 
ployed (i.e. vi « kT/q ), then 

p(x rn) = (Pne^X 1 + W*7V'“‘). 

We resolve this density into a d-c. component p 0 and an a-c. component pi 

iwt r 

e : 

P(x Tn ) = Pn + po + plC Ut (4.3) 

where 

Po = Pn(e 9V * ,kT -l) (4.4) 

Pi={qPnVi/kT)e' v * ,kT . (4.5) 

So long as p{x Tn ) « n n , the normal concentration of electrons in the 
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n-region, the lifetime t p and diffusion constant D for a hole will be sub- 
stantially unaltered by 8<p. Application of the hole-current equation to the 
hole density p(x , l) gives 

(4.6) 

Combining this with the recombination equation 


dp = pn — p _ 1 dip 

dt t p q dx 

leads to the solution 


P *~ P , D d p 

t v dx 2 


p = p n p^ e {xTn ~ x)! ^ 7 P + ^ ie »'«<+(x r „-x)(l+iW p )l/2/(Dr p )l/2^ 

The quantity y/ D t p is the diffusion length and is denoted by L p . (We shall 
use subscript p for holes in the w-region and n for electrons in the /^-region 
for both L and r.) 

When p is large compared to p n , but small compared to n n , the ex- 
pression for p leads to the following formula for <p v : 

Vp =>» + so - ( kT/q)(x - x Tn )/L p + rie *“'-^r n )ia+.w p )i/*-i]/ £ p (49) 

This shows that the d-c. part of <p p varies linearly in the n-region, for large 
forward currents, and decreases by ( kT/q ) in each diffusion length L p . 
The transition from this linear dependence to an exponential decay for <p p 
comes when <p p — <p n = {kT/q). This behavior of the d-c. part of <p p is useful 
in connection with diagrams of <p p versus distance. (See Sections 5 and 6.) 
The solution just obtained for p gives rise to a current at x Tn of 

Ip(x T n) = -qD — 

dx (4.10) 

= qpoD/Lp + qp\ De'“ r (1 + 2 <or p ) 1/2 / L p . 

The d-c. part is calculated by substituting (4.4) for po : 

U*Tn) = {qpn D/ L p ) (e , "° / * r - 1) ; 

.. . (4.11) 

■ W o/ ‘ r - 1) 

and the a-c. part is similarly obtained from (4.5) for pi : 

Ip M =(qPnn/Lp)[e^ ,kT) ]( 1 + fwr p ) I/2 !)ie'“ l 

• , • , (4.12) 

= (G p + iS p )vle' at =ApVle ,u, 

where j4 p is called the admittance (per unit area) for holes diffusing into the 
M-region; its real and imaginary parts are the conductance and suscept- 
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ance. For wr p small, the real term G p is simply conductance per cm 2 
of a layer L p cm thick with hole conduction corresponding to the density 
pn + po ; it is also the differential conductance obtained by differentiating 
(4.11) in respect to v 0 . For the case of zero bias this establishes the result 
quoted in Section 1 that the voltage drop is due to hole flow in the w-region 
where the hole conductivity is low. 

In this section we have treated r p as arising from body recombination. 
In a sample whose y and z dimensions are comparable to L p or L n , surface 
recombination may play a dominant role. However, as we show in Appendix 
V, the theory given here may still apply provided appropriate values for 
T p and r„ are used. 

4.3 D-C. Formulae 

The total direct hole current flowing in at .r a is Ipo plus the current re- 
quired to recombine with electrons in the /^-region. This latter current is, of 
course, equal to the electron current flowing into the ^-region. This electron 
current, denoted by 7„ 0 or I n o(x Tp ), is obtained by the same procedure 
as that leading to (4.11) for I ^ except that bD replaces D and the subscripts 
of L and r are now n. Combining the two currents leads to the total direct 
current: 

/, = Ip 0 + In 0 = (qD) (g + b -^j (e^ lkT - 1) (4.13) 

for the direct current per unit area for applied potential v 0 . 12 The algebraic 
signs are such that I > 0 corresponds to current from the /^-region to the 
w-region in the specimen; v 0 > 0 corresponds to a plus potential applied 
to the p-end. The ratio of hole current to electron current across the transi- 
tion region is 

7 P o Pn ' Ln Pp ' y/ bDrn 

In 0 ~ Lp btlp bttn s/dTj, ,, . 

_ (4.14) 

= h i = i/^2. 
btln y pp V <Tn 

where we have used the relationships n n pn = n p p p = w 2 from (2.2) and 
T p fi n = T n pp = 1/r from (3.2) and (3.3). These results can be summarized 
by saying that the current flows principally into the material of higher re- 

12 For convenience we repeat the definitions here: q = magnitude of electronic charge; 
D = diffusion constant for holes; p n and rt n = thermal equilibrium value of p and w, as- 
sumed constant throughout ji-region ( x > x Tn ); rt p and p p = similar values for x < x Tp ; 
L p = diffusion length =\/Dt p for holes in n-region; r ? = lifetime of hole in w-region be- 
fore recombination; b = electron mobility/hole mobility; L n and similar in quantities 
for electrons in /^-region; <r n = qnbn n and <j p - qnp p are the conductivities of the two regions. 
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sistivity. We can also say that the hole current depends only on the w-type 
material and vice versa. For a p-n junction emitter in a transistor with an 
"-type base, it is thus advantageous to use high conductivity p-typc ma- 
terial so as to suppress an unwanted electron current. 

For comparison with experiment, it is advantageous to express the values 
of p„ and tt p in terms of the conductivities <r„ and <r p . If the conductivity of 
the intrinsic material is written as 


<r f = 0u»,(l + b), 

(4.15) 

then, if p„ «„ and n p <K p p , we find 


qpPn = ba\/( 1 + bf<r n 

(4.16) 

qubtip = bo\/{\ + A)V P . 

(4.17) 

Using these equations, we may rewrite (4.11) and a corresponding equation 
for electron current into the p-region so as to express their dependence ond-c. 
bias vo and the properties of the regions: 

«»>-(, 4;,.^ -f <r~ - 1 ) 
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Cl | 

s 

0 
»? 

1 

(4.18) ^ 

t-H 

1 

(•< 

£ 

o 

III 


im = , k JL - 1) 

(1 + b) 2 a p L n q 


= G»o — (e'"' kT - 1) 
q 

(4.19) 

m I n ,(e^' kT - 1). 


The values of G p o and G,. 0 (which are readily seen to be the values of the low- 
frequency, low-voltage (to < kT/q) conductances) and the saturation 
reverse currents are given by 

. n — hr* _ q T 

* (1 + b)*e n L p - kT 1 ” 

(4.20) ^ 

r — hr* 9 , 

"° (1 + by<r p L n ~kT In ‘ 

(4.21) 

The expression for direct current then becomes 
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II 

*5 

(4.22) 


= (/p. + I n .)[e M - 1). 
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4.4 Tola l Admittance 

In order to calculate the alternating current, we must include the capacity 
of the transition region, discussed in Section 2. Denoting this by Ct, we 
then find for the total alternating current. 

lac — (G P + iS p + G n + iS n ioiCr) — Av\ (4.23) 

where G n and S„ arc similar to G p and S p but apply to electron current into 
the ^-region. The value of the hole and electron admittances can be ex- 
pressed as 

A, = G p + iS p = (1 + iuT p ) U2 G p0 e q '’ l>lkT (4.24) 

A n = G n + iS n = (1 + iwr n ) 1/2 G n0 e qvq,kT (4.25) 

For low frequencies, such that w is much less then 1 /t p , we can expand 
G p + iSp as follows: 

Gp + iSp = Gp o c qvqlkT + iu(rp/2)Gpo e qvqlkT (4.26) 

Hence {t t /2)G^ e qv ° lkT behaves like a capacity. 

It is instructive to interpret this capacity for the case of zero bias, v 0 = 0, 
for which we find: 

C p = TpG Tt o/2 = Tpqpnv/'lLp = qp n Lp/2kT. (4.27) 

The last formula, obtained by noting that t p m = qT p D/kT = ql~ P /kT , has 
a simple interpretation: qp n L p is the total charge of holes in a layer L p thick. 
For a small change in voltage v, this density should change by a fraction 
qv/kT so that the change in charge divided by the change in v is 
(q/kT) (qp n Lp) which differs from C p only by a factor of 2, which arises from 
the nature of the diffusion equation. 

This capacity can be compared with C T ncut. , discussed in Section 2, (see 
equation (2.39) and text for (2.42)) for germanium at room temperature 
as follows: 

Gp _ Q pnLp ' kTa _ p n L p a (4.28) 

Gt ncut. 2 kT 10 q 2 n] 20;/ ; 

For a structure like Fig. 6(c), the excess of donors over acceptors reaches its 
maximum value, equal to w„ , at xm leading to n„ = ax m • Consequently 
a = iin/xm ■ Substituting this value for a in (4.28) and noting that 
pnU n = m< gives 

Cp . = (4.29) 

Gt neut. 20.X> n 

As discussed at the beginning of this section, L p = 6 X 10 3 cm for holes 
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m germanium. Hence if the transition region is 6 X HT 4 cm thick, the 
iffusion capacity C p will dominate the capacitative term in the admittance, 
t ough A p simulates a conductance and capacitance in parallel at low 
frequencies, its high-frequency behavior is quite different. In Fig. 7 the 



behavior of (1 + «ot„) ,/2 = A p /Gjt> , is shown. For high frequencies G p and 
S p are equal: 

Gp = s p = VV2 G* ■_ (4.30) 

(1 + b)\ n ^/2D 

Thus for high frequencies the admittance is independent of r p and is deter- 
mined by the diffusion of holes in and out of the «-region. The three straight 
asymptotes have a common intersection at the point G^o , o>r = 2 on Fig. 7, 
a fact which is useful in estimating the value of r from such data. 

For large to, S p varies as co I/2 as shown in (4.30) whereas S r is coC r . Hence 
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at very high frequencies Ct will dominate the admittance. At very high fre- 
quencies C T itself will have a frequency dependence; however, for the as- 
sumptions on which the treatment of this section is based, the relaxation 
time for the transition region t t is much less than r p . This is a consequence 
of the fact that, although diffusion of holes into the transition region is 
required for the charging of C T , the distance is relatively short, being in 
fact only that fraction of the width Xtk ~ xt p of the transition region in 
which \p rises by kT/q\ in germanium this will be about one-tenth of 
x Tn ~ x Tp ■ Since diffusion times vary as (distance) 4 , the ratio of the times is 

Tt (a'rn Xp„) (4.31) 

7 P ~ 100Z, P 

Hence if L p > x Tn - x pn , r r will be much less than r p .' 3 


4.5 Admittance Due to Hole Flow in a Retarding Field 

In Appendix II we treat the case in which a potential gradient, due 
to changing concentration for example, is present in the n- and /(-regions. 
This tends to prevent holes from diffusing deep in the w-region and for 
this reason the (/-region acts partly like a storage tank for holes under a-c. 
conditions, thus enhancing S p compared toG p in A p . If the electric field is 
-di/dx = kT/qLr , where L r is the distance required for an increase of kT/q 
of potential (i.e. a factor of e increase in »„), then the value of A P is 


, - r t / r i (2/- r /Z. p )(l + iwrp) 

Ap - [quPn/Lp] J + u + (i + ttor P )(2 L r /L p y\"* 


(4.32) 


For UT P > 1, this admittance is largely reactive provided 2 L r /L p is suffi- 
ciently small. 

The dependence of ^4 P upon w is shown in Fig. 7 for two values of L r /L p . 
The plot shows the real and imaginary parts of 


A p/[2qnp„ F r j L p ] 


(1 + ICOTp) 

1 + [1 + (1 + io>T p ) (2L r / L P Y \ 1 n 


(4.33) 


for Lp/L T = 10 1/2 and L p /L r = 10, the two curves being relatively displaced 
vertically by one decade. The second value implies that the field keeps the 
holes back so that they penetrate only rs their possible diffusion length in 
no field. It is seen that for this case the storage effect is very pronounced and 
the susceptance 5 is much larger than G for high frequencies. 

The function (1 + jwt p ) 1/2 , discussed earlier, corresponds to the limiting 
case of (4.32) for L, — «> . 

13 In Appendix IV an analytic treatment of Ct is given. 
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4.6 The Effect of a Region of High Rale of Generation 

There is evidence that imperfections, such as surfaces and cracks, add 
materially to the rate of generation and recombination of holes and elec- 
trons. If there is a localized region of high recombination rate in the transi- 
tion region, there will be a pronounced modification of the admittance char- 
acteristics. In Fig. 8(a) such a layer is represented at x = 0. In Fig. 8(b) 
the customary plot of *p p and <p n versus x is shown. If we neglect the effect 
of the series resistance terms denoted by Ri in Section 3, the change 8<p will 


TRANSITION 

REGION 



LAYER OF HIGH RECOMBINATION 



(b) 


(C) 


Fig. 8 — The effect of a localized layer of high recombination rate on the junction 

characteristic. 

(a) Location of layer of high recombination rate. 

(b) Quasi Fermi levels. 

(c) Distribution of hole current showing rapid change at layer of high recombination 
rate. 


occur in the ^-region for <p n and in the 77 -region for v P . The hole current flow- 
ing into the n-region will thus be the same as before and will be given by 
equation (4.11) or (4.18) and denoted by Ipo(8<p). Similarly, the electron 
current will be /„<>($¥>)• I n the layer we shall suppose that there is a rate of 
generation of hole electron pairs equal to g a per unit area of the layer and a 
rate of recombination proportional to r a np per unit area. We suppose, further- 
more, that the layer is so thin that n and p are uniform throughout the layer. 
The net rate of generation is thus 

ga ~ fa HP = g a [1 - (434) 
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since for equilibrium conditions the rates balance so that r a n] = g a . The 
net hole current recombining in the layer per unit area is thus 

U<Pp - <Pn) = q ga - 1] (4.35) 

There must, therefore, be a discontinuous decrease of hole current across 
the layer. The total hole current flowing in at x = ;v a , which is also the total 
current /, thus docs three things: for x < x Tp} it combines with 7, )0 (6^); 
for x Tp < x < xT n , it combines with electrons at rate / r (V); for x > « , 

it flows into the //-region in amount /,o(fy>). This leads to 

I = In o(b) + o(M + /r(V). (4.36) 

In other words the layer of high recombination acts like a rectifier 
in parallel with I n o(h) + The frequency characteristic of / r (V), 

however, will be independent of frequency and will contribute a pure con- 
ductance to the admittance of the junction. 

If the layer is considered to have finite width, however, it will exhibit 
frequency effects just as does I p in the //-region. In Appendix III, we treat 
a case in which the layer is a part of the //-region itself but has a recombina- 
tion time different from the main layer. If the time is shorter, a large amount 
of the hole current may recombine in this layer. For high frequencies, the 
current may not penetrate the layer, in which case the admittance for hole 
current is determined by the thin layer rather than by the whole //-type 
region. A case of this sort is shown in Fig. 7. In this case the thickness of the 
layer is $ of its diffusion length and in it the lifetime of a hole 77 is £ the 
value t p in the main body of the //-region. The hole current will thus be 
restricted to this layer when the diffusion distance \ZD/co is less than the 
layer thickness ($) \ZDtc; this corresponds to cor/ > 9 or cor p > 81. The 
presence of the high rate of combination in the layer is evidenced by the 
tendency of G to be greater than 5 at high frequencies. If the layer were 
infinitely thin, as discussed above, it would simply add a constant conduct- 
ance to the admittance. 

4.7 Palch Effect in p-n Junctions 

If there are localized regions of high recombination rate, a ‘'patch effect” 
may be produced in an n-p junction. As an extreme example, suppose the 
value of g a for the layer just considered is allowed to become very large; then 
the recombination resistance may become small compared to R\ in Section 3 
and the junction wdl become substantially ohmic. If the region of high 
rate of recombination is relatively small compared to the area of the rest 
of the junction, then the behavior of the junction as a whole may be re- 
garded as being that due to two junctions in parallel. Over most of the area, 
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the currents will flow as if the patch were not present so that one compo- 
nent of the current will be that due to the uniform junction. In addition 
there will be current due to recombination and generation in the patch. 
The series resistance to the patch will be relatively high due to the constric- 
tion of the current paths. On the other hand, the value of I r (d<t>) associated 
with the patch may be very high. Hence the current due to the patch will 
be that of a low impedance ideal rectifier in series with a high resistance; 
and if the ratio of impedances is high enough, such a series combination 
amounts essentially to an ohmic leakage path. Thus patches in the p-n 
junction will tend to introduce leakage paths and destroy saturation in the 
reverse direction. 

An extreme example of a region of high rate of recombination would be a 
particle of metal making a non-rectifying contact to both p - and n-type 
germanium. Since holes and electrons are essentially instantly combined in a 
metal, the boundary condition at the metal surface would be equality of 
(p p and <p n . This would mean that near the metal particle, <p p and <r n could 
not differ by h<p } the condition required, over some parts of the junction at 
least, in order for ideal rectification to occur. 

A common source of imperfection in p-n junctions arises from dirt or 
fragments on the surface which overlap the junction. Even if these do not 
actually constitute a short circuit across the junction, they may furnish 
patches of the sort discussed here and modify the junction characteristic. 

4.8 Final Comments 

Another possible cause for frequency effects may be found in the trapping 
of holes or electrons. 14 When an added hole concentration is introduced into 
an n-region, a certain fraction of the holes will be captured by acceptors and 
later re-emitted or else recombined with electrons while trapped. Investiga- 
tion of this process is given in Appendix VI. One interesting result is that the 
trapping of holes in a uniform w-region cannot produce an effective suscep- 
tance (i.e. fwC) in excess of the conductance, as can a retarding field. 

Finally it should be remarked that important and significant variations 
of the conductivity in the p- and ^-regions may be produced by hole or 
electron injection. Under these conditions, when the hole concentration 
approaches n n , p — <p n will vary. Under these conditions Ri may be appreci- 
ably altered. These factors favor the p-n junction as a rectifier since they lead 
to a reduction of series resistance under conditions of forward bias and thus 
tend to improve the rectification ratio. 

14 Frequency dependent effects in Cu a O rectifiers have been explained in this way by 
J. Bardeen and W. H. Brattain, personal communication. 
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5. Internal Contact Potentials 

The theory of p-n junctions presented above has interesting consequences 
when applied to the distribution of potential between two semiconductors 
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VERTICAL DISTANCE THROUGH SAMPLE , y ► 

Fig. 9— Internal contact potentials showing how presence of injected holes produces a 
contact potential across /*. 


under conditions of hole or electron injection. In Fig. 9 we illustrate an 
X-shaped structure. A forward current flows across the junction Pi and 
out of branch i\'i . If the distance across the intersection is comparable with 
or small compared to the diffusion length for holes, a potential difference 
should be measured between P 2 and N 2 . The reason for this is that holes 
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flow easily into P 2 since the potential distribution there favors their en- 
trance. Since, however, P 2 is open-circuited this hole flow biases J 2 in the 
forward direction ; since J 2 is high resistance, an appreciable bias is developed 
before the counter current equals the inward hole flow and a steady state is 
reached. No similar effect occurs in the branch N 2 ; consequently P 2 will be 
found to be floating (open-circuited) at a more positive potential than N 2 . 

Parts (b) to (e) describe this reasoning in more complete terms. We 
suppose that the ^-regions are more highly conducting than the ^-regions 
so that the current across J \ , shown in (b), is mainly holes. The potentials 
ip p and <p n along the a>axis will be similar to those of Figs. 5 and 6; (c) shows 
this situation and indicates that the diffusion length for electrons in the 
/^-region is less than for holes in the w-region. Along the y axis (p p and <p n 
vary as shown in (e), the reasoning being as follows: At the origin of coordi- 
nates <p p and <p n have the same values as for (c). The transverse hole current 
(d) has a small positive component at y = 0 since, as mentioned above, P 2 
tends to absorb holes and thus increase diffusion along the plus y-axis.Since 
the net transverse current is zero, I n = in (d). The (p curves of (e) 
have been drawn to conform to the currents in (d); <p n is nearly constant 
in the n-region and <p p is nearly constant in the ^-region. As concluded in 
connection with Figs. 5 and 6, <p n and <p p are also nearly constant across the 
transition region. These conclusions lead to the shape of <p n and <p p for y > 0 
in (e). For y < 0, the reasoning is the same as that used in Sections 3 and 4 
and we coftclude that <p n is essentially constant. Hence, a difference in the 
Fermi levels at P 2 and N 2 will result. 

In Fig. 10 we show a structure for which we can make quantitative calcu- 
lations of the variations of <p p and tp n . We assume for this case that the 
forward current from Pi to N does not produce an appreciable voltage drop, 
i.e. change in \p and <p n , in region iV. This will be a good approximation if the 
dimensions are suitably proportioned. We shall next solve for the steady- 
state distribution of p subject to the indicated boundary conditions assuming 
that p is a function of x only. As we have discussed in Section 4.1, when p is 
small compared to n in the n-region, we can write 

p = p n e q( ^ )fkT (5.1) 

In keeping with the treatment in the next section of this structure as a 
transistor, the terminals are designated emitter, collector and base, the po- 
tentials with respect to the base being <p t and <p e . The contact to N or the 
base is such that <pb = <pn in this region. Hence, the boundary conditions at 
Ji and Ji are 

h = Pn e**< fkT x = -w (52) 

p 2 = p n e q(PclkT x = +w (5.3) 
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The function p(x) which satisfies these boundary conditions and the equation 


D 


dx 2 


P-Pn _ 

T P 


= 0 


(5.4) 


is 


P(x) Pn + P 2 cosl f (w/L ^ n cosh (x/L p ) + 2 si ^ 2 h Sinh (x/L p ) 

(5.5) 





Fig. 10— Model used for calculation of internal contact potential and to illustrate p-n-p 

transistor. 

(a) Semiconductor with two p-n junctions and ohmic metal contacts. 

(b) Quasi Fermi levels showing internal contact potential between b and c. 


which gives rise to a hole current across J 2 into 1\ of amount 



= ^ [(fc “ P*) coth f- + ( 2 Pn ~ pi - pi) tanh 
- [(/>. - ?.) (coth £ - tanh 

— (p 2 — p„) ^coth ~ + tanh 

= _ (e wJkT ~ 1 ) 1 

L p l_sinh (2w/L p ) tanh {2w/L p ) J 
csch (2w/ L P )I coth ( 2w L,^) I c ) 


(5.6) 
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where, by 7* 0 (v>), we mean the hole current which would flow in the forward 
direction across either Ji or J 2 if uninfluenced by the other (i.e. the function 
of (4.11) or (4.18) and (4.20).) The equation shows that a fraction csch 
(2 w/ L v ) of the current 7*0 (<p«), which would be injected by <p € on Pi in the 
absence of J 2 , flows into P 2 . The conductance of P 2 across J 2 is increased 
by the factor coth(2w/Z, p ). 

The current into P 2 carried by electrons will be unaffected by Ji and can 
be denoted by —Ino&c) the minus sign resulting from the fact that currents 
into P 2 are in the reverse direction. The total current flowing into P 2 contains 
the —I n o(<p c ) and — I po (<pc) terms and must cancel the +7* 0 (<p«) term for 
equilibrium. Hence: 

7„o(<pc) +'Coth (2 w/L p ) Ij,o(<p e ) = csch (2 w/L p ) 7*o(v>«) (5.7) 

If p n ^> n Pi the I n0 term can be neglected compared to coth (2 w/L p ) 7 p0 . 
Hence the value of <p c must satisfy 

7po (<pc) - sech (2 w/L p ) 7 p0 (<p«). (5.8) 

For <p t > kT/q , the exponential approximation may be used for 7*o in both 
terms: 

<Pc = (p< — (kT/q) In cosh (2 w/L p ), (5.9) 

so that, if (2w/Lj) is the order of unity, <p e should be only about (kT/q) 
less than (p t . For {2 w/L p ) large, we get 

<Pe = - (kT/q) (2 w/L v ) (5.10) 

corresponding to the linear drop of <p p , discussed in connection with equation 
(4.9), across the distance 2 w. 

When <p t is negative, so that we have to deal with reverse current, <p c 
will not decrease indefinitely but will reach a minimum value given by 

[exp qpe/kT] — 1 = —sech (2 w/L p ) (5.11) 

and corresponding to saturation reverse current across Ji , so that 

<p c = -(kT/q) In [1 + (1/2) cschW^)]. (5.12) 

The floating potentials of p- type contacts to w-type material into which 
holes have been injected (or w-type contacts to />-type material with in- 
jected electrons) are reminiscent of probes in gas discharges which tend to 
become charged negative in respect to the space around them because they 
catch electrons more easily than positive ions. The situation may also be 
compared with that producing thermal e.m.f/s; in fact a “concentration 
temperature” of the semiconductor with injected holes can be defined by 
finding the temperature for which np = n\(T), We conclude that, in the 
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absence of thermal equilibrium, different potentials depending on the nature 
of the contact are, in general, the rule rather than the exception. 

The bias developed on P 2 or c will change its conductance. If we suppose 
that <p t and <#> are held constant, then the current flowing into c is obtained 
by the same reasoning that led to (5.7) and is 


2 W 2w 

I c (v>e, <P<) = Inline) + coth — Ip(,(>Pc) - csch — I v o(<p<). (5.13) 


For an infinitesimal change in <p c from the value which makes / c (<p c , (ft) 
vanish, the admittance to c is readily found from (4.18) and (4.19) to be 



= l'no(<Pc) + coth — / P o(<Pc) 




,1V J kT 


(5.14) 


which shows that pronounced variations in admittance should be associated 
with variations in hole density in N in Fig. 10. 16 


6. p-n-p Transistors 

The structure shown in Fig. 10 is a transistor with power gain provided 
the distance w is not too great. As a first approximation, we shall neglect 
the drop due to currents in the N region. If we use 1\ as the collector and call 
the collector current, I e , positive when it flows into P 2 from outside, we shall 
have from (5.13) 

Onit %ii 

/. = -csch ^ IM + coth ~ IM + /*o(^). (6.1) 

L p 

The emitter current is similarly 

2 id '2.71) 

/, = coth — Ipo(ip,) - csch — Ipo(<p c ) + In oM- (6.2) 

L»p L p 


If p n ^> n p , then the 7,.o terms can be neglected. However, the base current 
will not vanish but will be 


h = —/«-/*= Resell ^ - coth [IpoM + Ipc(<Pc)] 


2 sinh 2 w/Lp 
sinh 2 w/Lp 


Upo(<Pt) + Ipo(<Pc)]- 


(6.3) 


15 The variations in admittance discussed in connection with metal point contacts in 
an accompanying paper in this issue (W. Shockley, G. L. Pearson and J. R. Haynes, Bell 
Sys. Tech. Jl., July, 1949), arise from this cause; however, the nature of the contact is 
not as simple as here. 
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For w/Lp large, the junctions do not interact and the hyperbolic coefficient 
becomes unity and /& = — [/*.<>(¥>«) + Ij.o(<Pc)]- 



Fig. 11 — p-n p transistor. 

(a) Thermal equilibrium 

(b) Operating condition. 


If <pc is several volts negative, so that / po(y? c ) has its saturation va ue 
I p , (see (4.11) and (4.20)), then the ratio — 8I c /8I t = a has the value 







For (2 w/L p ) = 0.5, 1, 2 respectively, a = 0.89, 0.65, 0.27. Since the output 
impedance R « 2 will be very high when <p L is in the reverse direction, and the 
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input impedance will be low, the power gain formula 16 aR a /R u will yield 
power gain even when a is less than unity. 

In certain ways the structure of Fig. 10 resembles a vacuum tube. In Fig. 
1 1, we show the energy band diagram, with energies of holes plotted upwards 
so as to be in accord with the convention for voltages, (a) shows the thermal 
equilibrium distribution and (b) the distribution under operating condi- 
tions. It is seen that the potential hill, which holes must climb in reaching 
the collector, has been reduced by <^ e . The ^-region represents in a sense the 
grid region in a vacuum tube, in which the potential and hence plate current, 
is varied by the charge on the grid wires. Here the potential in the ^-region 
is varied by the voltage applied between base and emitter. In both cases one 
current is controlled by another. In the vacuum tube the current which 
charges the grid wires controls the space current. Because the grid is negative 
to the cathode, the electrons involved in the space current are kept away from 
the grid while at the same time the electrons in the grid are kept out of the 
space by the work function of the grid (provided that the grid does not 
become overheated.) In Fig. 11, the electrons flowing into the base control 
the hole current from emitter to collector. In this case the controlled and 
controlling currents flow in the same space but in different directions because 
of the opposite signs of their charges. 

As this discussion suggests, it may be advantageous to operate the p-n-p 
transistor like a grounded cathode vacuum tube, with the emitter grounded 
and the input applied to the base. 

The p-n-p transistor has the interesting feature of being calculable to a 
high degree. One can consider such questions as the relative ratios of width 
to length of the M-region and the effect of altering impurity contents and 
scaling the structure to operate in different frequency ranges. However, 
we shall not pursue these questions of possible applications further here. 
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APPENDIX I 


A Theorem on Junction Resistance 

We shall here prove that the junction resistance is never less than the value 
obtained by integrating the local resistivity \/qn(p + bn). This is accom- 
plished by analyzing the following equation which we shall discuss before 
giving the derivation: 

I Sl p = i r + f) dx + qg r (<p P - dx, 

\ P bn) Jx a 


the meaning of the symbols being that shown in Fig. 5. This expression is 
valid even if large disturbances in p and n from their equilibrium values 
occur. The second integral is positive since the integrand is never negative. 
It may be very large if (p p — ip n » kT/q in some regions. If, in the first in- 
tegral, we consider that I p and /„ may be varied subject to the restraint 
I P In = /, we may readily prove that the first integrand takes on a mini- 
mum value when 


z = 

p p + bn 


and I n 


bnl 

p + bn 


For this minimum condition, the first integral becomes 
f [ b dx/qn(p + bn) = I 2 R* 

where Ro' is simply the integrated local resistivity. If / does divide in ibis 
way, the second integral is zero, a result which we can see as follows: 


I P = —qnp d(p p /dx 


In — qjibn dp n/ dx 


d<p p / dx ^ Ip! P 

d<p n f dx I nj bn 


Hence, if the current divides in the ratio of p to bn , then d^p p = d*p n and, 
since (p p = cp n at .r a y <P P = <Pn everywhere and the second integral vanishes. 

In general, of course, the conditions governing recombination prevent 
current division in the ratio p:bn and then 8<p/I > Ro . 

The equation discussed above is derived as follows: We suppose that 

<Pp(x a ) = <£>n(*Ta) = <Pa 


<Pp(* T *) = (Pn(X‘b) = W, 
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< 


Then 



these two integrals are readily transformed into the ones previously dis- 
cussed. 


APPENDIX II 


Admittance in a Retarding Field 


We shall here derive the admittance equation for holes diffusing into a 
retarding potential ^ = kTx/qL r in which the potential increases by kT in 
each distance L r . The differential equation for the a-c. component of p is 


t p dx L dx Ox J 


This equation may be solved by letting p = pi exp (ual — y.v) as may be 
seen by rewriting the equation and substituting this expression for p: 



leading to 


1 + [1 + (2L,/L P )\\ + nor,)! 1 ' 2 

2L r 
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The corresponding current evaluated at x = 0 where p = p\ exp(f<*) ) = 
(p n qvi/ kT)exp(iojl) is given by 



_ <?(l + ic*3T p ) p 

rr p 

_ 2 L r iul 

kTr P ' 1 + [1 + (2L r /L p m + io>r p ) !«■* ' 

QHpn 2L r (1 ~f~ iwT p) iut 

L\ ' ‘ 1 + [1 + (2L r /L p )\\ + iw Tp )\' n ‘ V,e 

= A p Vi e' ut . 

This is equivalent to (4.32) in Section 4. 

APPENDIX III 
Admittance for Two Layers 

We shall here treat a case in which there is a thin layer on the w-side of 
the transition region in which recombination occurs much more readily 
than deeper in the //-layer. The case of an infinitely thin plane, discussed in 
Section 4, is a limiting case of this model. We shall suppose that the Liver 
extends from a* = — c to x = 0 while x > 0 corresponds to the //-region. \\ e 
shall suppose that the potential in the layer is uniform with value \pi whereas 
in the w-region it has value \p 2 . The lifetimes of holes will be taken n and r 2 
in the two layers. The solutions for pi and p 2 are evidently 

pi = />io + ( A e ax + B e* az ) e tut x < 0 

p 2 = p 2 Q + C e x > 0 

where 

a = (1 + icoTi) 112 / y/ D t\ S3 (1 + ia)Ti) l,2 /Li 

(3 = (1 + icon) 112 / y/ D t 2 — (1 + io)T 2 ) 112 / L 2 , 

The boundary condition for continuity of ip p , required to avoid singularity 
in dy Op/dXy is 

p 2 e 9 *' ,kT = p ie q +' ,kT 
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and, for continuity of hole current, is dpi/dx = dpz/dx. Expressing these 
in terms of A, B } C, a and P for the a-c. components yields: 

A + B = Ce q( * x ~* l),kT = CF 


a(A - B) = pC 

so that 

A = IF + P/a)C/2. 
B = (F - P/a)C/2. 


I-Ience the ratio — [dp/dx\/p at x = —c is 

d In p __ a{A e +ac — Be~ ac ) _ a(Fa sinh ac + p cosh ac) 
dx ( A e +ae + B e~ ac ) Fa cosh ac + p sinh ac 

Since at x = — c, the a-c. component of pi is (qvi/kT)pioe ut , the admittance is 


A, = qDdP J t dX - = (q Dpio/kT)( — d In p/dx) 

Vi e 


= (qnpio/Li) (1 + iom) 112 


Fa sinh ac + P cosh ac 
Fa cosh ac + P sinh ac ’ 


For c — > 0, this transforms into 

(qnpio/Li) (1 + iuTi) m f}/Fa = {qMF)/U){\ + tor 2 ) 1/2 

which agrees with Section 4, since pw/F then corresponds to p n . 

If c/L\ and F are not large, an appreciable amount of recombination 
takes place for x > 0 for low frequencies. Dispersive effects will then occur 
corresponding to t 2 . The a-c. will not penetrate to x = 0, however, 
if c(o)/D) 112 1 and the dispersive effects will then be determined by n . 

The frequency-dependent part of the admittance, 


(1 + icon) 


Fa sinh ac + P cosh ac 
Fa cosh ac + P sinh ac J 


has been computed and is shown in Fig. 7 for r p = r 2 , F = 1, n = t 2 /9 and 
c/Li = J-. For these values about half the hole current reaches x = 0 for 
low frequencies. As the time constant for diffusion through the layer is t p / 81, 
as discussed in Section 4.6, the layer will act as a largely frequency-inde- 
pendent admittance well above the point for cor p = 1. This is reflected in 
the behavior of the curves of Fig. 7 and, for frequencies in the \/ui range, 
it is seen that G is larger than S by about 50% of the low-frequency value of 
G\ this split of G + iS into (£)G 0 plus approximately (§)G 0 (* + i°>T p ) 112 corre- 
sponds to the fact that about half the holes are absorbed in layer 1 for the 
assumed conditions. 
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APPENDIX IV 

Time Constant for the Capacity of the Transition Region 

For this case we shall consider the case of holes in an a-c. field with po- 
tential 


, kT/x.xe^ 

+ = 7\z, + -Lr) 


where the d-c. retarding field is kT/qL r and the a-c. field is kT/qLi where 
1/Zri is considered small for the linear theory presented here. The expression 
for the current of holes is 

-d -cr^+.Ci+f^i 

dx r $x La« ' U, ii/J 

We shall obtain a solution for p by letting 

P = Poe-* 11 ' + pt [e~* ,L ' - 

while neglecting recombination in this region so that p must satisfy the con- 
dition p = — d (hole current)/dx leading to the differential equation 

D [U + ¥x{i + T;)]- p = 0 

There are three separate exponential dependencies of the variables leading 
to three equations (neglecting terms of order (l/Lif) 


-*/L r . 


e 


t —xlL r +iwt # 


D \_ P ° L* r ~ P ° = 0 

D [ pi h~ pi h - ~ ** = 0 


e rr+, "‘ : Z>[y 2 — y/L,]pi — iwp x = 0 

The first equation is satisfied by the equilibrium distribution and the 
second by 

pi = —po D/io> LiL r 

and the last by 

1 + VI + 4mL*/D 

7 2 Lr 

It is evident that dispersive effects set in when 

« = D/4l\ 
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This corresponds to the result used in (4.31) in which (.rm — .rr p )/10was 
used for L r . For smaller values of co the current may be calculated and put 
in simple form by expanding 7 up to terms including of. The resulting ex- 
pression for the current is 

I = —iwq po L r (L r /Li)e at 

This is interpreted as follows: The a-c. voltage across a layer L r thick is 
Si = ( kT/q ) (Lr/L y ut 

and, if we consider plus voltage as producing a field from left to right, then 
the a-c. voltage across L r is V = —Si. Substituting this for (L r / /.i)exp(iW) 
gives 

I = iwqpo L r (q/kT)V 

Here qp 0 L r is the total charge in the layer L r , (qV/kT) is an average frac- 
tional change in this charge for V so that ( qpoL r ) (qV/kT) -f- V is a capacity. 

APPENDIX V 

The Effect of Surface Recombination 

In this appendix we shall consider the effect of surface recombination upon 
the characteristics of the p-n junction. As for Section 4 we shall illustrate 
the theory for the case of holes diffusing into w-type material. For sim- 
plicity we shall treat a square cross-section bounded by y — z = ±w, 

the current flow being along +x. 

We shall denote the a-c. component of p as 

pi = pi (*> y, 2 , 0 

At x = 0, the edge of the «-region, we shall suppose that q> v and \p are inde- 
pendent of y and z so that we shall have 

pi{O,y,*,0 = Pioe iut = (pn qvi/kT)e iut 

by reasoning similar to that used for equation (4.5). The boundary condi- 
tion at the surface will be 

— D — = spi for y = +w 

by 

This states that the recombination per unit area is sp\ and is equal to the 
diffusion to the surface —Dbpi/by. Similar boundary conditions hold for the 
other surfaces. By standard procedures involving separation of variables 
we may verify that the solution satisfying the boundary conditions is 

00 

pi = Y, a.? e ~ a ‘i x+,ut cos fiiy cos /3, z 
0 
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where the eigenvalues Pi are determined by the boundary condition 
p x w tan = sb/D = x- 

We use Oi = p t w for brevity later. Because of the symmetry of the boundary 
conditions it is not necessary to include sine functions in the sum. The value 
of a a is given by 

a„- = (1+ io)T V (Dry)* 

where r tJ - is the lifetime of a hole in the eigenfunction cos fty cos Pjz; i.e. 
Tij is the lifetime which makes 

p = exp {—if Tij) cos piy cos ft s, 

a function which satisfies the surface boundary conditions, a solution of the 
equation 

dp/dt = DVp - p/ T = -D(fi] + tf)p - p/ r 

where to simplify the subsequent expressions we have omitted the subscript 
p from r. This equation leads to 


- = D(£ + fi) + l 

r »7 T 

The coefficients an are readily found since the cos p t y functions form an 
orthogonal set (as may be verified by integrating by parts and using the 
boundary conditions). The values are 

dij/pio = 4[sin 6 i sin 0,]/0,-0,[ 1 + (1/20,) sin 20.]- [1 + (1/20,) sin 20,] 

The current corresponding to this solution is 


I\ = —qD J J ( dp/dx ) dy dz 

integrated over the cross section at x = 0. This gives 

Ii = qDpicc 1031 1 ocij(dij/ pio) (4w 2 / 6 fij) sin Oi sin Oj 


Substituting for a,-,- and inserting p l0 = p n qvi/kT , we obtain an expression 
for the admittance A p = I\/V\ exp(ico/): 


A p 4 w qfip n (X{j 


4 sin 2 Oj sin 2 0 , 


,,!,,; [ i+ (A) si " 2 " i ][ i+ (4) ,in29 '] 


where the sum plays the role formerly taken by (1 + fw/) 1/2 /\/^r in equation 
(4.12); the factor 4 w 2 is the area of the junction. 

We shall analyze the formula for the case in which recombination on the 
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surface is smaller than diffusion to the surface so that x is not large. The values 
of Oi , over which the sum is to be taken, may be estimated as follows: in 
each interval of 0 ,- of the form mr to (n + (£)) 7 t , 0 ,- tan 0 ,- varies from 0 to <*>, 
giving one solution to 0,- tan 0,- = x* For x small, the solutions are approxi- 
mately 

0 0 — sin 0 O = tan 0 O = Vx 

01 = 7r + xA; ~ sin 0i = tan 0i = xA 


0 n - nw + x/nir) (-l) n sin 0 n = tan 0 n - x/nir 
From this we see that the terms in the sum are as follows: 
aoo-4x 2 /x 2 4 = <*00 
ano*2(x/«7r) 2 /(«7r) 2 = a«o2xVwV 4 
Cttm'±x/nmT 

From this it is evident that unless x is large, the series converges very 
rapidly. (This conclusion is not altered when the increase in a nm with /3 n /3 m is 
considered.) Thus the dominant term in the admittance is 

4w 2 qnp 0 (1 + ?Woo) 1/2 / V Dtqo 

where 

1 /too = 2 (el) + 1/r 



This expression is valid only for sw/D small so that 0^ — siv/D. The term 
s/(w/2) represents the rate of decay due to holes recombining on the surface, 
5 having the dimensions of velocity. For co 1/roo , the admittance becomes 
47£r<//i/>o(fco/Z)) ,/2 , the same value as given in equation (4.12) for large co and 
an area 4 w 1 . 

The conclusion from this appendix is that for x small, the effect of surface 
recombination is simply to modify the effective value of r and otherwise leave 
the theory of Section 4 unaltered. 

For very large values of x, it is necessary to consider higher terms in the 
sum and several values of r will be important. Under these conditions the 
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approximation is that, at x = 0, pi is independent of x and y may become a 
poor one, especially for forward currents, because the transverse currents to 
the edges will be important. Under these conditions the role of surface re- 
combination will give rise to patch effects of the sort discussed in Section 4. 

APPENDIX VI 

The Effect of Trapping Upon the Diffusion Process 

In this appendix we shall investigate the effect of the trapping of holes 
upon the impedance. We denote the density of mobile holes in the valence- 
bond band by p and the density of holes trapped in acceptors by p a . For 
thermal equilibrium at room temperature there will be an equilibrium ratio, 
called a, for pjp. For germanium a = 10 “ 4 and for silicon a =*= 0.1 to 0.2. 

We shall consider four processes which occur at rates (per particle per 
unit time) as follows: 

v r direct recombination of a hole with an electron (free or bound to a donor) 

vt trapping of a hole by an acceptor 

Vra recombination of a hole trapped on an acceptor 

v e excitation of a trapped hole into the valence-bond band. 

Under equilibrium conditions as many holes are being trapped (rate pvt ) 
as are being excited (p a v ,): hence v t = av 0 . 

We shall study solutions of the customary form for the a-c. components 

pi = pm e <a> ~ yt 
Pi* = Pme^ 

These must satisfy the equations 

Pi = DV 2 pi — (v t + v r )pi + v e p\a 
Pla = Vtpi — (v 9 + Vra)pla 
These lead readily to the equation for y: 

Dy 2 = iu + v r + vt — v 0 vt/(iw + v e + O = iw 

■ b + <». + + «’)] +--+"■ [i - (,. + o +■„■/(,. + o] 

From this equation we can directly reach the important conclusion that 
the trapping process can never lead to a capacitative term larger than the 
resistive term. This result is obtained by analyzing the complex phase of % 
the admittance being proportional to y. In particular, we find that the real 
term in Dy 2 is always positive, as may be seen from inspection, so that the 
complex phase angle of y is less than 45°. 

The form reduces to a simple expression if v, and v , are very large corn- 
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pared to v T) v ra and w , a situation which insures local equilibrium between 
p and p a . Under these conditions we obtain 

Thf — f«[l + a] + Vr + OiV ra 

Dividing by (1 + a) gives 

[D/{ l + «)b 2 = [Dp/(p + pa) It 2 = + pVr p + + P £ r ° 

The interpretation is that the holes diffuse as if their diffusion constant were 
reduced by the fraction of the time p/{p + p a ) they are free to move and 
recombine with a properly weighted average of v r and v ra • 

APPENDIX VII 

Solutions of the Space Charge Equation 

We shall first show that the space charge equation (2.11) has a unique 
solution for the one dimensional case. For simplicity we write (2.11) in 
the form 

^ = sinh u — f{x) (A7.1) 

ax 2 

to which it can be readily reduced. We shall deal with the case for which 

/ = f a for x < x a (A7.2) 

f = fb for x > x b > x a (A7.3) 

so that the interval (x a , x b ) is bounded by semi-infinite blocks of uniform 
semiconductor. We shall require that u be finite at x = ± . This boundary 

condition requires that for large values of | x | 

u = u a + A a e +yaX x - oo (A7.4) 

u — Ub + Abe 7t>x x — > + °o (A7.5) 

where 

sinh u a = fa , sinh Ub = fb 

y a = I (cosh u a ) 112 1 , 76 = | (cosh Ub ) 1/2 1 

(If the opposite signs of theT’s were present, the boundary conditions would 
not be satisfied.) The exponential solutions are valid for | u — Ua\ or 
|« - ffc| « 1. For larger values, however, solutions exist which are ob- 
tained by integrating (A7.1) to larger or smaller values of .x\ 

For these extended solutions the values of nix , Af) and u'(x , A a ) (= du/dx) 
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are monotonically increasing functions of A a . This may be seen by con- 
sidering x = .T fl . For A a sufficiently small, the value of w(.v a , A a ) and u ( x a , A a ) 
are given simply by (A7.4). For larger values of/l a , an exact integral will be 
required. It is evident, however, that all solutions of the form (A7.4) are 
related simply by translation for x < .r a . Hence increasing A a is simply 
equivalent to integrating (A7.1) to larger values of x and it is evident that 
this increases u and v! monotonically. It may be verified that for a sufficiently 
large A a the solution becomes infinite at .r a so that u(x a , A a ) u'(x a , sL) both 
vary monotonically and continuously from — oc to + « as A a varies from 
negative to positive values. We shall refer to this property oi u(x a , A a ), 
u'(x a , A a ) as Pi . 

We next wish to show that u(x i , A a ), u\x i , A a ) has the property Pi for 
values of x x > x a . To prove this we note that if for any xi , u(x i , A a ) and 
u'(x i , A a ) are finite, the solution may be integrated somewhat further to 
obtain u(x 2 , A a ), u'(x 2 , A a ) for .r 2 > Xi . From equation (A7.1) it is evident 
that an increase in either u(x i , a) or u\x i , a) will result in an increase in 
t Pu/dx 2 in the interval Xi < x < x 2 so that u and u' at x 2 are monotonically 
increasing functions of u and v! at . Hence if u and v! at x x have the 
property Pi , so do u and u 1 at x 2 . By extending this argument we conclude 
that u and u' at any value of x have the property Pi . (A rigorous proof 
can easily be completed along these lines provided that | f{x) \ is finite.) 

Similarly it may be shown, starting from (A7.5), that w(.r, ^4&) is a mono- 
tonically increasing function of Ab and w'(.r, Ab ) is a monotonically decreasing 
function of Ab . 

In order to have a solution satisfying (A7.4) and (A7.5) we must have, 
for any selected point x 3 

u(x, A a ) = u(x , A h ) (A7.6) 

u'(x 3 A a ) = u'(x, A b ) (A7.7) 

Now as the equation u{x , A a ) = u(x, A b ) varies from - oo to + «, u'(x 3 A a ) 
varies from — oo to +oo and u f (x 3 A b ) varies from +oo to — oo, monotoni- 
cally and continuously. Hence there is one and only one solution of (A7.1) 
satisfying (A7.4) and (A7.5). 

In order to verify that the solutions discussed in Section 2 are correct for 
large and for small K , we show schematically in Fig. A1 the solution for ji 
representative K as a dashed line together with the curve u = u 0 (y) = sinh“ 
y. In terms of Uq , equation (2.16) becomes 

^ ^ - (sinh u — sinh u 0 ). (A7.8) 
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From the symmetry of the equation, it is evident that u must be an odd 
function of y and hence that the solution must pass through the origin. 
The boundary condition in this case will be that u — » u Q for y — > ± oo so that 
there will be no space charge far from the junction. We can conveniently use 
the origin as the point at which the solution from y = -f - 00 joins that from 
y = - oo ; from symmetry, this requires merely that u = 0 when y = 0. 



Fig. A 1— Behavior of the solution of Equation (2.16) or (A7.8). 


For large negative y, u = sinh 1 y and du/dy = 1/cosh i< 0 so that du/dy 
is small. It is at once evident that, for large values of K , u must lie above w 0 
so that the integral 



(A7.9) 


will be large enough to make the solution u{y) pass through the origin. If 
u — uo > 2 over the region of largest difference, the space charge will be 
largely uncompensated and the solution will correspond to that used in 
equation (2.18). On the other hand, as K 0, the requirement that u(y ) 
pass through the origin leads to the conclusion that u - u 0 must be small for 
all values of y. The possibility that u oscillates about uq need not be con- 
sidered since it may readily be seen that, if for any negative value of y, 
say yi , both u(yi) and ft'(yi) are less than t<o(yi) and w'(yi), then u(y) and 
w'(y) are progressively less than w 0 (y) and u'o(y) as y increases from yi to 0. 
Hence, if for negative y the u curve goes below the «o curve, it cannot pass 
through the origin. 
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APPENDIX VIII 
List of Symbols 

(Numbers in parentheses refer to equations) 

a = (X d - N a )/x (2.14) 

A = admittance per unit area of junction (4.23) 

A p = component of A due to hole flow into n-region (4.12) (4.24) 

A n = component of A due to electron flow into //-region (4.25) 

At — component of A due to varying charge distribution in transition 
region 

A also used as a constant coefficient in various appendices 
b = ratio of electron mobility to hole mobility 
b = symbol for base in Sections 5 and 6 
B constant coefficient in various expansions in appendices 
c = symbol for collector in Section 6; a length in Appendix III 
C = capacity per unit area 
C«, C p (4.25) (4.27) as for A n , A p 
C T (2.42) (2.45) (2.56) as for A T 

D = diffusion constant for holes (bD is the diffusion constant for electrons) 
e = 2.718 . . . 

/ see Appendix 7 

g = rate of generation of hole-electron pairs per unit volume (3.1) 

G — conductance per unit area of junction 
G n , G p as for A’s 
i = V— 1 

I = current density 

I n , I P = current densities due to electrons and holes (2.5) (2.6) (4.10) 
/„o,/po Ipi (4.11) (4.12) (4.18) (4.19) 

/#, In*, Ip* saturation reverse current densities (4.11) (4.18) (4.21) 

I T see text with (4.35) 

J = subscript in Section 3 for junction Fig. 5 equation (3.11) 
k = Boltzmann’s constant 
K = space charge parameter (2.17) 

L = length 
L a = mj a (2.15) 

L d = Debye length (2.12) 

L n ,Lp= diffusion lengths for electron in //-region and holes in n-region (4.8) 
L r — length required for potential increase of kT/q in region of constant 
field (4.32) Appendices II and IV 
Li corresponds to a-c. field, Appendix IV 
n = density of electrons 
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n n , n p = equilibrium densities of electrons in n- and /^-regions 
p = density of holes 

Pny p P = equilibrium densities of holes in n- and /^-regions 
po = d-c. component of non-equilibrium hole density (4.3) 
pi exp (:«/) = a-c. component of non-equilibrium hole density (4.3) 

P = total number per unit area of holes in specimen (2.35) 
q = electronic charge ( q = | q | ) 

Q = qP = total charge per unit area (2.39) 
r = recombination coefficient for holes and electrons (3.1) 

R = resistance of unit area 

Ro = resistance of unit area obtained by integrating conductivity (3.10), 
Appendix I 

Ri = effective series resistance, discussed in connection with (3.13) 
s = rate of recombination per unit area of surface per unit hole density, 
Appendix V 

5 = susceptance per unit area (imaginary part of admittance) 

S p } S n , S T as for .'Ts. 

I = time 

T — temperature in °K 
T = subscript for transition region 
u = qP/kT (2.9), qty - ifi)/kT (2.32), Appendix VII 
7’o and v\e tut = d-c. and a-c. components of voltage applied in forward direc- 
tion (4.2) 

IV = width of space charge region in abrupt junction, Section 2.4 

w = half thickness of n-region or transistor base of Sections 5 and 6. 

w = half width of square rod in Appendix V. 

x = coordinate perpendicular to plane of junction 

y, z = transverse coordinates, Appendix V 

y = reduced length (2.17), Appendix VII 

a = current gain factor in transistor (6.4) 

a = parameter* in Appendix III and VI 

ecu = parameter in Appendix V 

Pi = parameter in Appendix V 

7 = parameter in Appendices II, IV and VII 

e = symbol for emitter Section 6 

0, = p t w Appendix V 

k = dielectric constant 

fi = mobility of a hole (6/x = mobility of electron) 
v = rates of recombination etc., Appendix VI 
p = charge density (2.1) 
a = conductivity 
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Gi = conductivity of intrinsic material (4.15) 

G n = conductivity of ^-region = qbnn n 
g p = conductivity of /^-region = qnp P 
t = time 

r n i t p = life times of electrons in ^-region and holes in ^-region (3.2) (3.3) 
(4.7) 

t t = relaxation time of transition region, Appendix IV 
<P, <Pp i <Pn = Fermi level and quasi Fermi levels (2.2) (2.4) 

8cp = applied voltage across specimen in forward direction, Section 2.3, 
(4.2) 

X = sw/D in Appendix V 
\p = electrostatic potential (2.2) 
w = circular frequency of a-c. (4.2) 
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